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Abstract

The traveling salesman problem (TSP) is a classic 
combinatorial optimization problem belonging to the NP-
hard problem. This paper extends the QUATRE algorithm 
to this field. The quasi-affine transformation evolution 
(QUATRE) algorithm provides six evolution schemes and 
simplifies the setting of control parameters. Because the 
QUATRE algorithm is easy to fall into local optimal and 
the convergence performance of the QUATRE algorithm 
is insufficient for the application, many excellent heu-
ristic algorithms are continuously proposed. This article 
modified the QUATRE algorithm using reverse learning 
and mutation strategy. In order to expand the application 
of the QUATRE algorithm to the TSP problem, a discret-
ization method is adopted to improve the QUATRE. It 
proposes the discrete parallel quasi-affine transformation 
evolution (DPQUATRE) algorithm. DPQUATRE beats the 
comparison algorithm on all 14 test sets of the Traveling 
Salesman problem library (TSPLIB). TSPLIB is utilized to 
assess the property of the DPQUATRE algorithm to show 
the effectiveness of the method. In addition, the error rate 
metrics PDBest and PDAverage are also used to evaluate the 
performance of the algorithms. The error rate provides a 
more visual demonstration of the gap between the distance 
calculated by the algorithm and the shortest distance.

Keywords: DPQUATRE algorithm, Reverse learning 
and mutation strategy, Parallel, Discretization, Traveling 
salesman problem 

1  Introduction

As the rapid evolution of logistics and transportation 
industry, the issue of path optimization has captured the 
interest of many scholars again. The traveling salesman 
problem (TSP), as one of the most fundamental problems 
of path optimization and classical operations research, has 
been widely concerned by relevant researchers. So the re-
search related to the TSP problem has a very far-reaching 
effect on modern transportation logistics industry. Since 
the optimal solution is known, the quality of the algorithm 

can be evaluated [1-2]. The essence of the TSP problem is 
the minimum consumption problem of crossing all cities 
and returning to the origin site based on a set of known cit-
ies and travel costs [3-5].

The TSP problem was solved in the early days by tradi-
tional solutions, such as dynamic programming, the greedy 
method, and the branch-and-bound method. The dynamic 
programming method computes the values of all paths first 
and then generates a graph with weights. The shortest path 
is chosen each time to move and returns to the initial city 
after passing through all cities. The greedy method takes 
a complexity into a series of local optimal choices. Each 
step is an extension of the current solution until the prob-
lem’s complete solution is obtained. A typical application 
of the greedy method is solving optimization problems. 
The greedy method yields an overall optimal solution for 
many problems, and even if it does not yield an overall op-
timal solution, it is usually near the optimum solution. The 
branch-and-bound method stores all the city nodes and the 
distance between the nodes through a tree. It begins from 
the root node and each time the path with the lowest cost is 
found up until the leaf node.

However, when the quantity of cities is large, the con-
ventional ways are no longer advantageous in terms of 
time complexity. Therefore many heuristic optimization 
algorithms are proposed and applied to TSP problems and 
other engineering optimization problems. Genetic algo-
rithm (GA) proposes a method for solving optimization 
problems based on Darwinian theory. GA updates new 
individuals using mutation operators. In recent years, re-
searchers have been proposing new variation operators [6-
7]. GA algorithms are often applied to TSP problems due 
to their high efficiency. And parallelization is often applied 
to GA to improve the performance of GA algorithms [8-10]. 
Differential evolution (DE) can also achieve good results 
in mutation after a lot of time for parameter adjustment 
[11]. Focused ant colony optimization (FACO) improves 
on traditional ACO algorithms for multi-node problems, 
and it dramatically reduces the error from the maximum 
result [12]. Ant colony optimization (ACO) inspired by 
the communication between ants, have been proposed to 
solve complex problems through pheromone communica-
tion, and the TSP problem is one of them [13-14]. Particle 
swarm optimization (PSO) was initially used to solve 
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continuous type problems, but later scholars proposed 
many variants of PSO algorithm to solve this problem. 
For example, swap sequence based PSO (SSPSO) solves 
the problem that PSO algorithm cannot solve discrete 
problems [15]. Dynamic transfer functions are proposed to 
optimize the running time of evolutionary algorithms (EAs) 
[16]. The seeding growth phase and seed propagation 
phase are included in tumbleweed optimization algorithms 
(TOA). TOA improved its global search ability with a 
multi-group structure [17]. U-shaped and V-shaped diving 
patterns are used to explore the search space in Gannet 
optimization algorithms (GOA) [18]. Cat Swarm Optimi-
zation (CSO) is derived from the behavior model of cats 
and consists of two sub-models, namely the tracing mode 
and the seeking mode [19]. Pigeon-inspired optimization 
(PIO) was first applied to solve the air robot path planning 
problems [20]. The PIO algorithm is also used to control 
the maximum power point tracking (MPPT) technology 
by improving the Taguchi method [21]. The PIO algorithm 
has good results in the location distribution problem, with 
good optimization in selecting the shortest distribution 
path and the lowest total cost [22]. The PIO algorithm is 
applied to TSP through the improvement of the Metropolis 
acceptance criterion of the simulated annealing algorithm. 
PIO is also applied to Vehicle Routing Problem (VRP) [23-
24]. Slime mould algorithms (SMA) have also good results 
compared with other meta-heuristics, which are derived 
from the oscillatory mode of slime mould in nature [25-
26]. The Fish Migration Optimization (FMO) algorithm is 
used in the performance study of wireless sensor networks 
(WSN) [27]. The grey wolf optimization (GWO) algorithm 
is among the newest heuristic optimization algorithms [28]. 

Since many algorithms are prone to fall into local op-
tima, there are many strategies proposed by researchers 
to improve the local optima. The most commonly used 
strategies are reverse learning, mutation operations, and so 
on. Parallel strategies can better solve the local optimum 
problem and speed up convergence. Parallel strategies can 
have better solution efficiency for problems with large 
amounts of data [29-30]. Researchers implement parallel 
strategies based on GA, and we need parallel strategies for 
group processing when the number of processors exceeds 
the population size [31]. In order to improve the running 
efficiency of algorithms in certain memory spaces, many 
algorithms solve this problem by parallelization [32]. The 
PSO algorithm is also used for convergence speed opti-
mization by a reverse learning method. The elite particles 
adopt local-learning behavior [33-34]. PSO often falls into 
a local optimum, and the local optimum can be improved 
to some extent by the method opposition-based [35]. The 
operation of mutation can be not only a fixed mutation rate 
but also a self-adaptive mutation rate and a deterministical-
ly scheduled dynamic mutation rate [36]. 

The algorithm which is used for modification is the 
QUATRE algorithm. The Quasi-Affine TRansformation 
Evolution (QUATRE) algorithm is closely related to Dif-
ferent Evolution (DE), where the property of DE is asso-
ciated with its parameters and mutation strategy, while the 
QUATRE algorithm simplifies the control parameters but 
has better performance [37-38]. The QUATRE algorithm 

offers six different evolution schemes. And mathematically 
speaking, the QUATRE algorithm is also very logically 
powerful. Some engineering optimization problems must 
be handled by discretizing the data. For example, the dis-
crete GWO algorithm (D-GWO) is used to tackle the TSP 
problem [39]. In this paper, the QUATRE algorithm is 
handled by discretization and parallelization. The discrete 
parallel QUATRE algorithm proposed in this paper can 
solve the TSP problem well. The main contribution of this 
paper is the concept of city clusters. The concept of city 
clusters is proposed to optimize the results of discretiza-
tion. The main idea of city clustering is to retain the best 
city sequences while reordering the worse ones.

Section 2 introduces the path distance calculation 
method for the TSP problem and the basic information 
of QUATRE algorithm. Section 3 presents the improved 
DPQUATRE by parallelism and the discretization of the 
QUATRE algorithm. Section 4 demonstrates the results of 
comparing on TSPLIB after the discretization. Section 5 
shows the conclusions obtained from the experimental re-
sults.

2  Related Work

We will present essential information of TSP problem 
and a simple summary of the QUATRE algorithm. 

2.1 Traveling Salesman Problems
TSP is a classical combinatorial optimization problem. 

The TSP can be described as follows: a salesman has to 
pass through many cities to sale his merchandise, and this 
salesman needs to return to his starting place after pass-
ing through all the cities from one city. How to seek the 
shortest path through all the cities and back to the origin 
city was the key of the problem. The TSP problem can be 
obtained as shown in Equation (1) below.	

1
( ), ( 1) (1), ( )1

( ) n
X i X i X X ni

f D D D−

+=
= +∑ (1)

where X(i) means the i-th visited city. DX(i),X(i+1) means the 
distance between city X(i) to city X(i+1). DX(1),X(n) represents 
the cost of returning to the starting city after visiting all 
cities. f(D) means the total expenses of the tsp problem. 
The benefits anddrawbacks of the algorithm are evaluated 
by contrasting experimental results with theresults from 
the optimum solution. 

Many excellent algorithms which can be used for TSP 
problem have been proposed. Since the lower bound of the 
TSP problem is determined, the quality of the algorithms 
can be evaluated. As heuristic algorithms have been pro-
posed by researchers, there are many algorithmic solutions 
that can produce astonishing results in applying them to 
the TSP problem. However, what we need when evaluating 
the strengths and weaknesses of algorithms is not a solu-
tion full of uncertainties. Rather, we need solutions that 
have been proven to be good enough to solve the problem. 

Since the TSP problem is a typical path optimization 
problem, we represent the locations of all cities by their 
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coordinates. Figure 1 illustrates four different ways of 
choosing a path when the number of cities is 29.

2.2 QUasi-Affine TRansformation Evolution
The evolution mode adopted by the QUATRE algo-

rithm is like the affine transformation of geometry. In 
geometry (f: X → Y), the following form is adopted: X 

→ MX+B, and the evolution framework adopted is: X → 
MX+B, its detailed evolutionary framework is as Equation 
(2): X → MX+B, its detailed evolutionary framework is as 
Equation (2): 

ˆX M X M B= ⊗ + ⊗ (2)

Figure 1. Four different city options under 29 cities

X means the initial matrix, X^ = (X1, X2, …, Xi, …, 
Xps)

T, i∈[1, ps], ps means the population scale. ⨂ is the 
point multiplication operation, and this operation can be 
expressed as “. *”.
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M means the co-evolution matrix. M  means the bina-
ry inverse operation on the matrix elements of M. Specific 
calculation of M  is shown in the following Equation (3). 
This step of the procedure is to calculate the evolution ma-
trix, which is an operation on the elements of the matrix. 
The non-zero elements are replaced by 0 and the zero ele-
ments are replaced by 1. 

int

1 0 0 0 0 1 1 1 1 0 1 1 1 1 0
1 1 0 0 0 1 1 0 0 0 0 1 1 0 0
1 1 1 0 0 1 1 1 0 0 1 1 1 0 0
1 1 1 1 0 1 0 0 0 0 0 0 1 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

M M
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  (4)

P is the number of rows of the matrix and D is the 
number of columns of the matrix. When p = D, each row 
and column of the initial matrix is reordered randomly. M 
is the new matrix formed after two transformations. The 
specific transformation process is shown in Equation (4).

When the number of rows of the matrix is bigger than 
the number of columns, the number of top-down square 
matrices is s. k is the number of rows remaining excluding 
the square matrices. When p > D, it can be expressed as p 
= s * D + k or p % D = k. In this case, each D row is con-
structed into a lower triangle matrix with lower triangle 
value of 1, and the lower triangular value of all rows that 
are not sufficient to form a square matrix is set to 1. The 
specific conversion process is shown in Equation (5). The 



158   Journal of Internet Technology Vol. 27 No. 2, March 2026

row and column variables are transformed in the same way 
as Equation (4). 

int

1 0 0 0 0 1 0 0 0 0
1 1 0 0 0 1 1 0 0 0
1 1 1 0 0 1 0 0 0 0
1 1 1 1 0 1 1 1 1 0
1 1 1 1 1 1 1 1 1 1
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1 1 0 0 0 1 1 0 0 0
1 1 1 0 0 1 1 1 0 0
1 1 1 1 0 1 1 1 1 0
1 1 1 1 1 1 1 1 1 1
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1 1 0 0 0 1 1 0 0 0
1 1 1 0 0 1 1 1 0 0
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Table 1 introduces the calculation method of Bi,G, and 
first row in the table is adoptedin this paper. Bi,G is the 
evolutionary guidance matrix, where F is a constant with 
a value of 0.7. The subscript G of Xi,G represents the popu-
lation of the G generation, Xr0,G, Xr1,G, Xr2,G, Xr3,G, Xr4,G rep-
resents new random matrix formed after reordered all the 
rows of the initial population. Xi,G represents the location 

information of species i. And Xgbest,G represents a matrix 
generated by covering all individuals by optimum individ-
ual of the current population. The pseudo-code of the algo-
rithm for QUATRE is displayed in Pseudo 1 below.

3  Discrete Parallel QUasi-Affine 
TRansformation Evolution Algorithm 

Specific schemes for parallel strategies interspecies and 
intraspecies are presented, and ways to improve the reverse 
learning and mutation strategies are described. A method 
to find the shortest path for the TSP problem based on city 
clusters is proposed. 

3.1 Traditional Ranked-order-value Method
This section proposes the discrete parallel quasi-affine 

transformation evolution algorithm (DPQUATRE). To han-
dle the discretization problem, a heuristic communication 
strategy is proposed in this paper. This work combines the 
traditional ranked-order-value method with the city clus-
ters method proposed in this paper to obtain better results. 
The traditional ranked-order-value method is introduced 
first.

Algorithm 1. The pseudo-code of the QUATRE algorithm

Input: Explore space [RD
min, R

D
max], the maximum number of function calls nfemax, evaluation function formula ( )ˆf X .

Output: The optimal value f (Xgbest,G), the position of the optimal solution Xgbest,G , the number of function calls nfe.

1: Initialize population iteration times G = 1, population position information ( )1, 2, , .ˆ , , , ,
T

G G G ps GX X X X=  

2: for i = 1; i ≤ ps; i + + do
3:     Calculate the fitness value f (Xi,G) of the i-th individual evaluation function.
4: end for
5: nfe = ps.
6: Mark the optimal value f (Xgbest,G) and the position Xgbest,G of the optimum solution of the population.
7: While ∆ f > eps do
8:    The matrix M is generated according to the Equation(4).
9:    for i = 1; i ≤ ps; i + + do

10:     Bi,G = Xgbest,G + F * (Xr1,G − Xr2,G).
11:    end for

12:    ˆ̂
tempX M X← ⊗  + M ⊗ B.

13:    The adaptive value of the evaluation function ( )1
ˆ

Gf X +  is calculated.

14:    nfe = nfe + ps.
15:    for i = 1; i ≤ ps; i + + do
16:       if f (Xi,G) > f (Xi,temp) then
17:          Xi,G = Xi,temp;
18:       end if
19:       The optimal value of population f (Xgbest,G) and the position of the optimum solution Xgbest,G ;
20:       G = G + 1.
21:    end for
22: end while
23: Return f (Xgbest,G), Xgbest,G and nfe;
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Table 1. Calculation method of Bi,G

No. QUATRE Equation

1 QUATRE/best/1 Bi,G = Xgbest,G + F * (Xr1,G − Xr2,G)

2 QUATRE/rand/1 Bi,G = Xr0,G+ F * (Xr1,G − Xr2,G)

3 QUATRE/target/1 Bi,G = Xi,G + F * (Xr1,G − Xr2,G)

4 QUATRE/target-to-rand/1 Bi,G = Xi,G + F * (Xr0,G − Xi,G) + F * (Xr1,G − Xr2,G)

5 QUATRE/target-to-best/1 Bi,G = Xi,G + F * (Xgbest,G − Xi,G) + F * (Xr1,G − Xr2,G)

6 QUATRE/target/2 Bi,G = Xi,G + F * (Xr1,G − Xr2,G) + F * (Xr3,G − Xr4,G)

7 QUATRE/rand/2 Bi,G = Xr0,G + F * (Xr1,G − Xr2,G) + F * (Xr3,G − Xr4,G)

Figure 2.  Initial discretization

Figure 3.  The method of shifting

Figure 4. The way to delete a visited city
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Each iteration will produce an optimal path. The dis-
tance to the next city is compared between the optimal path 
and another random path and the shorter path is selected. 
The discretization process is split into two parts. The parti-
cle is represented by the first row of vectors.

(1) The initialized particles are sorted in the order of 
smallest to largest. For example, the array a = [3.4, 5.6, 7.6, 
2.4, 3.5, 1.9] is sorted in the order of size as a = [3, 5, 6, 2, 
4, 1]. Figure 2 shows the first step of discretization. 

(2) This method corresponds the first city of the ran-
domly chosen path to the first city of the optimal path. The 
specific calculation steps are given in Figure 3. “path 1” in 
line 1 represents the randomly selected path and “path 2” 
in line 2 represents the current optimal path. 

After obtaining the first city number, calculate the     
DX(1),X(2) of the two paths separately and remove the city 
that has been visited. The calculation method is shown in 
Equation (1). When a city number is obtained, we remove 
the first city number in order to avoid visiting duplicate 
cities. The specific steps are shown in Figure 4. 

If the distance from city “3” to city “5” is shorter than 
the distance from city “3” to city “1”, then we choose to 
shift the “path 1”. The specific steps are shown in Figure 5. 

After several iterations, this method generates a new 
path. Since this method is similar to dynamic program-
ming, but the distances between cities are all different, the 
new path generated is might shorter than the current opti-
mum path. Therefore, we generate a new path and compare 
the new path with the optimal path. If the new path has a 
shorter distance, we replace the city number of the opti-
mum path with the city number of new path. If the distance 
of the optimal path is shorter, then we keep the city num-
ber of the optimal path. 

3.2 Discretization Methods Based on City Clusters
In order to solve the problem that traditional methods 

are ineffective in finding optimal paths, a method based 
on city clusters to find more paths is proposed. Optimal 
city clusters are used to find more optimal paths when 
cities find a relatively good path. By adopting parallelism 
and discretization, we propose a new algorithm entitled 
DPQUATRE algorithm. DPQUATRE has achieved 
very good results in both results and stability in the TSP 
problem. 

3.2.1 Parallel Intraspecific Strategies
Based on the QUATRE algorithm, a parallel mecha-

nism is added to divide the initialized population into four 
groups. The concept of city clusters was first applied to 
the initialization of a discrete sequence of cities. All city 
clusters consist of a continuous sequence of cities. The 
sequence of city clusters is shown in Figure 6 below. The 
number of city clusters is generally chosen to be 1/8 or 
1/4 of the total number of cities. The first line of Figure 
6 shows the initial sequence and the second line shows 
the updated sequence. A city cluster consists of a set of 
continuous sequences, and a complete city sequence con-
tains multiple city clusters. And during each iteration, the 
distances of all city sequences are calculated. On this basis 
we can find the optimal city cluster among all city clusters. 
The best city cluster will be saved and used for the modi-
fication of the city sequence. We reorder all cities outside 
the optimal city cluster to find a more optimal path. If a 
better path is found, then we replace the original path with 
it. If the new path is worse, we will keep the original path. 
The purpose of this initialization step is to find even better 
paths while preserving the good city sequence as much as 
possible.

As for intraspecific communication, we are inspired 
by traditional reverse learning and extend it to the 
optimization of the worst few city clusters. And the worse 
city clusters are reordered to find better results. Figure 7 
demonstrates the reverse learning method.

Based on the QUATRE algorithm, the following 
mechanisms are added in this paper: In terms of 
intraspecies communication strategy, this paper improved 
the strategy of reverse learning for the worst few city 
clusters in the group. The process of reverse learning to 
find better city cluster is shown in the following Equation 
(6).

,
,

best ini ini occ

best occ ini occ

X X X X
X X X X

= <
 = ≥

(6)

Xbest denotes the sequence of cities selected after 
initialization, Xocc denotes represents the sequence of 
cities selected after the optimal city cluster operation. Xini 

Figure 5. The way to the next city sequence
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represents the initially generated city sequence. Select the 
better of these paths as the initialized city sequence. 

The intraspecific evolutionary method refers to the idea 
of reverse learning. Instead of operating on a single point 
but directly adjusting within the city clusters. After the ini-
tialization work is done, we conduct a operation in search 
of optimal city clusters within the population. After finding 
the optimal city cluster, the worst city cluster for each pop-
ulation is selected in each iteration of the generation. The 
reordering of the worst city groups is our main operation 
in the iterative process. This operation can greatly reduce 
the generation of large distance cities on a local scale. The 
reverse learning operation is shown in Figure 7. After the 
intraspecific communication, we still choose the more op-
timal path between them. The selection is shown in Equa-
tion(7). Where xi denotes the updated path and Xbest denotes 
the path selected after initialization. Xmbest represents the 
new path generated. 

,
,

i best best mbest

i mbest best mbest

X X X X
X X X X

= <
 = ≥

(7)

3.2.2 Parallel Interspecies Strategies
Interspecific communication strategy: The parallel 

strategy divides all the discretized city sequences into four 
groups, and the optimization within the groups will often 
fall into a local optimum. Every 20 iterations, individuals 
in different groups experience communications with each 
other. We will do the following for each of the four groups. 
Each group selects its best sequence of cities and randomly 

combines it with the best sequences of the other groups. 
Duplicated cities will appear in the best sequences of other 
groups, and we remove the duplicated cities and reorder all 
the cities that have not appeared before. The final new city 
sequence consists of three parts: the best sequence of the 
group, the best sequences of the other groups, and the re-
maining city sequences. Individuals who interact with each 
other make a judgment. By comparing this city sequence 
with the original city sequence, we choose the better path 
as our updated path. The combination of the two optimal 
city groups in the city sequence and the random combina-
tion of the remaining cities usually leads to a much better 
result. The strategy of mutation is inspired by the optimi-
zation algorithm interspecific communication strategy. A 
similar mutation strategy is adopted for city clusters. The 
specific operation process is shown in Figure 8. The specif-
ic selection methods for mutations are shown in Equations 
(8) below:

,       
,  

i i i mutate

i mutate i mutate

X X X X
X X X X

= <
 = ≥

(8)

Where Xmutate donates the individual after mutation and  
Xi donates the updated individual. If the mutation does not 
lead to better results, then we still keep the original results. 
When an individual does not find a better result for a long 
time, then we can find other paths through the strategy of 
mutation. The pseudo-code of DPQUATRE is shown in 
Algorithm 1. The flow chart of the algorithm is shown in 
Figure 9. 

Figure 6. Initialization of urban agglomerations 

Figure 7. Reverse learning in city clusters 
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Figure 8. Interspecific communication in city clusters 

Figure 9. Flow chart of the algorithm
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4  Simulation Results

The paper will show the results measured by the 
DPQUATRE on TSPLIB. The best and worst values are 
measured by the DPQUATRE algorithm on 14 test sets at 
TSPLIB. This section will show the results of the compari-
son with PSO, ACO and GA. 

4.1 Experimental Operation Environment 
All experimental environments in this paper are the 

same. The experiments were all done using a personal 
laptop that is on the windows 10 operating system, 32GB 
memory, Intel(R) Core(TM) i7-11800H CPU @ 3.00 GHz 
3.00 GHz. The software used to perform the experiment is 
Matlab2021b.

4.2 Parameter Setting 
Table 2 shows all the parameter settings for the four al-

gorithms compared. iteration represents the total number of 
iterations, 1000 iterations for all four algorithms. Pop rep-
resents the population size selected by the algorithm which 
means the total number of city sequences. cc represents the 
number of groupings, and since the DPQUATRE algorithm 
was parallelized, it grouped all the populations, while the 
other three algorithms did not. cs represents the number 
of populations in each group after parallelization of the 
DPQUATRE algorithm.

4.3 Test Results on TSPLIB 
The traveling salesman problem library (TSPLIB) is 

used for the comparison of the results of this algorithm [40]. 
The PSO algorithm has experienced several developments 
since it was proposed in 1995 [41]. PSO is compared with 
the DPQUATRE on TSPLIB to evaluate the validity of 
DPQUATRE [42]. GA solves the TSP problem by splitting 
the TSP into multiple sub-problems and then solving the 
sub-problems separately [43]. DPQUATRE is contrasted 
with the GA after the order crossover and the center in-
verse mutation method [44]. ACO handles the TSP prob-
lem after the local search technique which is compared 
with the DPQUATRE [45-46]. 

The test set adopted in this paper is the TSPLIB test 
set. Table 3 demonstrates the test index of DPQUATRE 
on 14 test sets. a280 and att532 represent the test set that 
has been used. Best represents the optimal solution. BKS is 
the shortest path of the current test set. Average represents 
the average value. Worst represents the worst solution. Std 
represents the variance. PDBest represents the multiple of 

the difference with the shortest path BKS. Each test set was 
tested 10 times to produce the final results. Since PDBest is 
a multiple of the difference, the smaller PDBest means bet-
ter. Equation (9) is the calculation of PDBest. 

PDBest = ( )Best BKS
BKS
−

(9)

PDBest works similarly to error rates. In addition this 
paper tests the stability on 14 TSPLIB test sets by PDAverage. 
The PDAverage is calculated as shown in Equation (10) be-
low.	

( )
Average

Average BKS
PD

BKS
−

= (10)

Average represents the average value obtained in ten 
tests of the same test set. BKS represents the optimal solu-
tion of the current test set.

All the data are from the optimal results of ten experi-
ments. For a more intuitive understanding of the compar-
ison of the experimental results, “No.” means the value 
of test sets, and “Name” means the name of the selected 
TSPLIB dataset. The results of 14 test sets can verify the 
validity and practicality of the DPQUATRE.

Table 4 shows the results of DPQUATRE algorithm in 
comparison with ACO, GA, PSO on this metric of PDBest. 
Table 5 shows the results of the DPQUATRE algorithm in 
comparison with ACO, GA, PSO on the metric of PDAverage.

In test outcome of TSPLIB, the experimental outcome 
are closest to the optimal solution of the current test set. 
The DPQUATRE algorithm outperforms GA, ACO, and 
PSO algorithms in terms of results.

By comparing BKS with Best, we can see that the 
DPQUATRE algorithm is very close to the optimal solu-
tion on the 14 test sets. At the same time the values of Best 
and Average are very close to each other and the stability 
of the algorithm can be guaranteed. To visualize the final 
test results more intuitively, PDBest is used as theerror rate 
to test the performance of the algorithm. We can visual-
ize that the error rates of the algorithms are mostly below 
20%. The error rate can be kept below 10% on two test 
sets. The difference between the results of PDAverage and  
PDBest is minimal. PDAverage also has an error rate of less 
than 20% on most test set.

Table 2. Values for parameter settings

Related parameters Parameter setting Meaning
Iteration 1000 Max value of iterations

Pop 200 The total value of groups
cc 4 The value of groups
cs 50 The value of inter-group communication
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Table 3. Test results of the improved algorithm under several metric

Name BKS Best Average Worst Std PDBest PDAverage

a280 2579 3.05E+03 3.15E+03 3.22E+05 4.13E+01 1.83E-01 2.21E-01
att532 86729 1.06E+05 1.08E+05 1.09E+05 1.20E+03 2.22E-01 2.45E-01

bier127 118282 1.27E+05 1.30E+05 1.35E+05 2.76E+03 7.66E-02 9.90E-02
ch150 6528 7.28E+03 7.45E+03 7.67E+03 1.32E+02 1.15E-01 1.41E-01
eil101 629 7.24E+02 7.33E+02 7.38E+02 4.79E+00 1.51E-01 1.65E-01
fl417 11861 1.38E+04 1.40E+04 1.41E+04 1.13E+02 1.66E-01 1.80E-01
gil262 2378 2.81E+03 2.88E+03 2.92E+03 3.73E+01 1.82E-01 2.11E-01

kroA200 29368 3.89E+04 3.94E+04 4.05E+04 5.69E+02 3.24E-01 3.42E-01
kroB150 26130 2.98E+04 3.03E+04 3.11E+04 5.15E+02 1.39E-01 1.59E-01
kroC100 20749 2.28E+04 2.37E+04 2.42E+04 4.75E+02 1.01E-01 1.42E-01
kroD100 21294 2.36E+04 2.45E+04 2.51E+04 4.84E+02 1.09E-01 1.50E-01
kroE100 22068 2.43E+04 2.48E+04 2.51E+04 3.12E+02 1.01E-01 1.23E-01
linhp318 41345 4.92E+05 5.08E+05 5.19E+05 9.12E+02 1.90E-01 2.28E-01

ch130 6110 6.68E+03 6.98E+03 7.20E+03 1.79E+02 9.42E-02 1.42E-01

Table 4. Comparative results of different algorithms on PDBest

No. Name DPQUATRE GA ACO PSO
1 a280 1.83E-01 4.39E+00 4.15E+00 4.44E+00
2 att532 2.22E-01 8.05E+00 7.91E+00 8.20E+00
3 bier127 7.66E-02 1.11E+00 1.14E+00 1.26E+00
4 ch150 1.15E-01 2.17E+00 2.20E+00 2.39E+00
5 eil101 1.51E-01 1.13E+00 1.14E+00 1.29E+00
6 fl417 1.66E-01 1.22E+01 1.18E+01 1.23E+01
7 gil262 1.82E-01 3.06E+00 2.96E+00 3.12E+00
8 kroA200 3.60E-01 2.23E+00 2.17E+00 2.29E+00
9 kroB150 1.39E-01 1.74E+00 1.78E+00 1.87E+00
10 kroC100 1.01E-01 1.23E+00 1.33E+00 1.48E+00
11 kroD100 1.09E-01 9.28E-01 1.06E+00 1.28E+00
12 kroE100 1.01E-01 9.36E-01 1.08E+00 1.41E+00
13 linhp318 1.90E-01 4.07E+00 3.87E+00 4.07E+00
14 ch130 9.42E-02 9.54E-01 1.03E+00 1.16E+00

Table 5. Comparative results of different algorithms on PDAverage

No. Name DPQUATRE GA ACO PSO
1 a280 2.21E-01 4.48E+00 4.27E+00 4.52E+00
2 att532 2.45E-01 8.85E+00 8.01E+00 8.30E+00
3 bier127 9.90E-02 1.17E+00 1.16E+00 1.29E+00
4 ch150 1.41E-01 2.38E+00 2.36E+00 2.58E+00
5 eil101 1.65E-01 1.14E+00 1.16E+00 1.30E+00
6 fl417 1.80E-01 1.24E+01 1.19E+01 1.26E+01
7 gil262 2.11E-01 3.11E+00 2.97E+00 3.17E+00
8 kroA200 3.42E-01 2.27E+00 2.20E+00 2.36E+00
9 kroB150 1.59E-01 1.81E+00 1.79E+00 1.94E+00
10 kroC100 1.42E-01 1.26E+00 1.36E+00 1.55E+00
11 kroD100 1.50E-01 9.56E-01 1.10E+00 1.34E+00
12 kroE100 1.23E-01 9.58E-01 1.12E+00 1.48E+00
13 linhp318 2.28E-01 4.11E+00 3.91E+00 4.13E+00
14 ch130 1.42E-01 1.09E+00 1.05E+00 1.18E+00
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Figure 10. Comparison results of algorithms on PDBest

Comparing DPQUATRE’s PDBest on all 14 TSPLIB test 
sets, DPQUATRE achieved superior results. We use three 
sets of bar charts to represent how well DPQUATRE is op-
timized for the PDBest metric relative to the GA, ACO, and 
PSO algorithms. Figure 10 illustrates specific results. The 
abscissa of the bar graph represents the name of the select-
ed test set. The blue icon in the bar graph represents the 
value of the DPQUATRE algorithm and the orange icon 
represents the values of the other three algorithms.

Comparing DPQUATRE’s PDAverage across the 14 
TSPLIB test sets, DPQUATRE achieves superior results 
on all of them. However, there are also two problems with 
this method. Although the algorithm computes substantial-
ly better results than the other algorithms, the algorithm 
computes each set of city clusters at each iteration. As a 
result, the algorithm takes about ten times as long to com-
pute as the three algorithms. In addition, the choice of size 
for the city clusters compresses the optimization space for 
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the remaining cities, so the choice of city clusters also has 
an impact on the results. In this paper, a relatively good 
city cluster size is selected after several experiments.

5  Conclusion

We extend the QUATRE to the TSP problem. Accord-
ing to the QUATRE algorithm, we propose methods to 
discretize it. Limited by the performance of the QUATRE 
algorithm, this paper proposes city clusters method to 
improve the performance of the QUATRE algorithm and 
proposes the DPQUATRE algorithm. And in this paper, 
the performance of the algorithm is improved by parallel 
method. The application of mutation and reverse learning 
further optimizes the performance of the algorithm in the 
discretization process. For DPQUATRE, we verify the va-
lidity by using 14 benchmarks from the TSPLIB, and the 
experimental outcome demonstrates that DPQUATEE has 
optimal outcome on all 14 benchmarks. Further investiga-
tion will be made into more accurate and speedy intelli-
gent optimization algorithms. Although the discretization 
performance is improved by the reverse learning strategy, 
there is still great room for enhancement. Since each oper-
ation produces multiple individuals and each individual is 
required to compute multiple clusters of cities, the average 
time consumption of DPQUATRE is around 10 times that 
of the other three algorithms. The choice of the size of the 
urban clusters can greatly affect the final results, so exper-
imental verification is needed for the choice of the size of 
the urban clusters. We obtain superior results by combin-
ing optimal city clusters with other city sequences. Hope-
fully we can find a way to seek from one city to another. 
In future work, we intend to enhance the property of the 
QUATRE by combining QUATRE with GOA to achieve 
this wish. 
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