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Abstract 
 

In this paper, we discussed the beamforming schemes for 

OFDM-based joint sensing and communication (OFDM-JSC) 

system, which enable JSC system to use directional beams to 

detect directions of interest, while communicating with one or 

more downlink users, thus further enhancing the practicability 

of JSC system. Specifically, we equip OFDM-JSC transmitter 

with hybrid beamforming structure and digital beamforming 

structure in SU-MIMO and MU-MISO scenarios, respectively. 

For SU-MIMO JSC, we separately considered the hybrid 

beamforming design with partially connected structure and 

fully connected structure. For MU-MISO JSC, we separately 

consider the beamforming design with total antenna array 

transmit power constraint, and per antenna transmit power 

constraint. For the four non-convex problems in above two 

scenarios, we have designed corresponding low-complexity 

JSC beamforming algorithms and we verified the 

effectiveness of proposed schemes through numerical 

simulation. 

 

Keywords: Joint Sensing-and-Communication, OFDM, 

Beamforming, SU-MIMO, MU-MISO 

 

1 Introduction 
 

Since 5G communication [1] and mmWave radar [2] are 

tending to operate in the same frequency band, using the same 

equipment to achieve communication and sensing can 

effectively reduce hardware redundancy and power 

consumption, while avoiding electromagnetic interference, 

thereby improving spectrum utilization, which known as Joint 

Sensing-and-Communication (JSC), or Integrated Sensing-

and-Communication (ISAC). To materialize JSC system, the 

integration of sensing and communication in waveform level 

should be first resolved [3]. The famous integrated sensing-

and-communication waveform is OFDM [4]. Since JSC 

system acts as both base station (BS) and radar, the 

beamforming schemes solely for downlink communication or 

radar sensing will no longer work for it. Specifically, in order 

to improve radar sensing performance, it is desirable to 

concentrate limited transmit power in directions which need to 

be detected. However, if communication users are not located 

in detection directions, then downlink communication 

performance will suffer serious loss at this time. Conversely, 

if the beamforming in JSC transmitter only serves the 

downlink communication, the echo signal power in detection 

directions will be severely attenuated, especially when all 

users are NLOS. The simplest solution is to make JSC system 

emit an omnidirectional beam, or just serve users in detection 

directions, which means a waste of system resources. 

Furthermore, the communication and sensing services that 

JSC system needs to provide vary by scenario. Even in the 

same scenario, the communication and sensing requirements 

that JSC system needs to meet may change over time. At one 

moment, JSC system may need to communicate with more 

users, while at another moment, JSC system may need to 

detect more directions. Therefore, the beamforming design 

specifically for downlink communication or radar sensing will 

greatly reduce the comprehensive performance of JSC system. 

In summary, the beamforming design for JSC system is a 

problem worthy of study. [5] proposes a beamforming scheme 

for JSC transmitter equipped with partially connected hybrid 

beamforming structure in SU-MIMO scenario, however, it is 

only for narrowband JSC system and its computational 

complexity is relatively high. [6] proposes a beamforming 

design for OFDM-JSC system, however it only focuses on 

designing transmit beampattern and does not consider the 

channel state information. [7-8] propose the beamforming 

design for JSC transmitter in MU-MISO scenario, and they 

both meet the sensing needs by unilaterally sacrificing a 

certain communication performance. [9-10] propose the 

beamforming design for JSC transmitter with analog 

beamforming structure, which can provide a wide field of 

view (FoV) for radar sensing. [11-13] provide a special 

solution, where both communication module and radar 

module use OFDM waveform, while communication signal 

and radar signal, as well as communication antenna and radar 

antenna, are independent of each other, which means the 

communication module needs to use additional digital 

precoding to offset the interference caused by radar signal. [14] 

introduces RIS to assist passive beamforming for narrowband 

JSC system in MU-MISO scenario. Here we propose a novel 

beamforming design for OFDM-JSC system to meet the 

changing needs of communication and sensing in actual 

scenarios by flexibly adjusting the weights assigned to 

downlink communication and radar sensing. 

 

2 Hybrid Beamforming Design for SU-

MIMO JSC 
 

2.1 System Model 
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We consider an OFDM-JSC system in single-user MIMO 

(SU-MIMO) scenario, whose transmitter equipped with Nt 

antennas ULA, and performs downlink communication with a 

UE whose receiver equipped with Nr antennas ULA. In the 

meantime, OFDM-JSC system senses the surrounding 

environment by pointing directional beams in Ntar directions 

of interest, and tracks the targets by receiving the echo signal. 

The OFDM-JSC transmitter adopts hybrid beamforming 

structure equipped with NRF RF chains, and both fully 

connected structure and partially connected structure will be 

discussed separately in the following. While fully digital 

combining structure is considered in UE receiver, as shown in 

Figure 1. 
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Figure 1. Hybrid JSC beamforming in SU-MIMO scenario 

 

2.2 Communication Model 
 

Assuming the OFDM integrated sensing-and-

communication waveform [15] is used in above JSC system. 

After the baseband demodulation operation in UE receiver, the 

received symbol vector at kth subcarrier can be expressed as 

 

y[k]=WH [k]H[k] FRF FBB [k]s[k]+WH [k]n[k].       (1) 

 

Where 𝑘 ∈ 𝒦 = {1,… , 𝐾}  is the subcarrier index, and 

suppose there are 𝐾  subcarriers in total.  𝐬[𝑘] =

[s1[𝑘], … , s𝑁s
[𝑘]]

𝑇

∈ ℂ𝑁s×1 denotes for the 𝑁s data streams 

transmitted towards UE at 𝑘th subcarrier, which satisfies that 

𝔼{𝐬[𝑘]𝐬𝐻[𝑘]} = 𝐈𝑁s
. And to enable multi-stream 

communication, 𝑁s ≤ 𝑁RF ≤ 𝑁t  and 𝑁s ≤ 𝑁r  should also 

be satisfied. 𝐧[𝑘] ∈ ℂ𝑁r×1  represents the complex AWGN 

vector at 𝑘th subcarrier, whose elements satisfy independent 

and identically distribution 𝒞𝒩(0, 𝜎𝑛
2). 

𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s is the digital beamforming matrix for 

𝑘th subcarrier and the fully digital combining matrix for 𝑘th 

subcarrier in UE receiver is represented by 𝐖[k] ∈ ℂ𝑁r×𝑁s. 

In fully connected hybrid beamforming (HBF) structure, all 

elements of the analog beamforming matrix 𝐅RF ∈
ℂ𝑁t×𝑁RF  need to satisfy unit modulus constraint as 

|(𝐅RF)𝑖,𝑗| = 1, 𝑖 = 1,… , 𝑁t, 𝑗 = 1, … , 𝑁RF. 

While in partially connected hybrid beamforming (HBP) 

structure, each of RF chain is connected to a subarray 

consisting of 
𝑁t

𝑁RF
 antennas. The corresponding analog 

beamforming matrix with block diagonal structure can be 

expressed as [16] 

 

𝐅RF =

[
 
 
 
𝐫1 𝟎 ⋯ 𝟎

𝟎 𝐫2 𝟎

⋮ ⋱ ⋮
𝟎 𝟎 ⋯ 𝐫𝑁RF]

 
 
 

∈ ℂ𝑁t×𝑁RF.            (2) 

 

𝐫𝑖 = [exp (j𝜃
(𝑖−1)

𝑁t
𝑁RF

+1
) ,… , exp (j𝜃

𝑖
𝑁t

𝑁RF

)]

𝑇

∈

ℂ
𝑁t

𝑁RF
×1

, 𝑖 = 1, … , 𝑁RF , and 𝜃 stands for the phase of 

corresponding phase shifter. And all non-zero entries of 𝐅RF 

should still satisfy unit modulus constraint. 

It’s worth to emphasize that in the hybrid beamforming 

structure, the analog beamforming matrix 𝐅RF is shared by all 

subcarriers, while the digital beamforming matrix 𝐅BB[𝑘] ∈
ℂ𝑁RF×𝑁s is performed for each subcarrier [17]. Let 𝑃𝑇 denotes 

the average transmit power per subcarrier, for the whole 

bandwidth we have the constraint ∑ ‖𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦 =
𝐾𝑃𝑇. For partially connected hybrid beamforming structure, 

we can also draw the conclusion that  ∑ ‖𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦 =
𝐾𝑁RF𝑃𝑇

𝑁t
. 

𝐇[𝑘] ∈ ℂ𝑁r×𝑁t , 𝑘 = 1,… , 𝐾  denotes for the frequency 

domain channel matrix at 𝑘th subcarrier. Here we adopt the 

wideband SV channel model with 𝑁C clusters and 𝑁R rays 

within each cluster, which can be expressed as [17] 

 

𝐇[𝑘] =  

√
𝑁t𝑁r

𝑁C𝑁R
∑ ∑ 𝛼𝑖𝑗𝐚r(𝜃𝑖𝑗

r )𝐚t(𝜃𝑖𝑗
t )

𝐻
𝑒−j

2𝜋

𝐾
(𝑖−1)(𝑘−1)𝑁R

𝑗=1
𝑁C
𝑖=1 . (3) 

 

Where √
𝑁t𝑁r

𝑁C𝑁R
 is a normalization factor to guarantee 

𝔼[‖𝐇[𝑘]‖𝐹
2] = 𝑁t𝑁r . 𝛼𝑖𝑗  is the complex gain of 𝑗th ray in 

𝑖 th propagation cluster following complex Gaussian 

distribution 𝛼𝑖𝑗 ∼ 𝒞𝒩(0, 1) . 𝜃𝑖𝑗
r  and 𝜃𝑖𝑗

t  denote discrete 

azimuth AoA and AoD of 𝑗th ray in 𝑖th cluster, respectively. 

𝐚r(𝜃𝑖𝑗
r ) =

1

√𝑁r
[1, 𝑒j𝜋sin𝜃𝑖𝑗

r

, … , 𝑒j𝜋(𝑁r−1)sin𝜃𝑖𝑗
r
]
𝑇

∈

ℂ𝑁r×1 and 𝐚t(𝜃𝑖𝑗
t ) =

1

√𝑁t
[1, 𝑒j𝜋sin𝜃𝑖𝑗

t

, … , 𝑒j𝜋(𝑁t−1)sin𝜃𝑖𝑗
t
]
𝑇

∈

ℂ𝑁t×1  denote for normalized receive and transmit antenna 

array response vectors, respectively. Note that perfect CSI is 

assumed to be known in OFDM-JSC transmitter before hybrid 

beamforming design. 

 

2.3 Radar Model 
 

The transmit beampattern of OFDM-JSC transmitter is 

given as [18] 

 

G(𝜃, 𝑘) = 𝐚𝐻(𝜃)𝐑[𝑘]𝐚(𝜃).                     (4) 

 

𝐚(𝜃) is transmit antenna array response vector as 

 

𝐚(𝜃) = [1, 𝑒j𝜋sin𝜃 , … , 𝑒j𝜋(𝑁t−1)sin𝜃]
𝑇

∈ ℂ𝑁t×1.      (5) 

 

Where 𝜃  denotes for discrete azimuth angle, and 

−90° ≤ 𝜃 ≤ 90°. 𝐑[k] ∈ ℂ𝑁t×𝑁t  is the correlation matrix of 

baseband equivalent signal at 𝑘th subcarrier 

 

𝐑[𝑘] = 𝔼(𝐅RF𝐅BB[𝑘]𝐬[𝑘]𝐬𝐻[𝑘]𝐅BB
𝐻 [𝑘]𝐅RF

𝐻 )  

= 𝐅RF𝐅BB[𝑘]𝔼(𝐬[𝑘]𝐬𝐻[𝑘])𝐅BB
𝐻 [𝑘]𝐅RF

𝐻   

= 𝐅RF𝐅BB[𝑘]𝐅BB
𝐻 [𝑘]𝐅RF

𝐻 .                    (6) 

 

We can observe from (6) that designing the transmit 

beampattern is equivalent to designing the hybrid 

beamforming matrix. 
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Note that since we assume the carrier frequency of above 

OFDM-JSC system is much larger than its bandwidth [19], 

there is only a slight deviation between the antenna array 

response of lowest frequency subcarrier and highest frequency 

subcarrier [20]. Thus, we temporarily ignore the effect of 

subcarrier frequency in (5). 

 

3 Problem Formulation 
 

3.1 Communication Sub-problem 
 

With optimal fully digital combiner in UE receiver, the 

spectral efficiency of OFDM-JSC system is given by [21] 

 

𝑆𝐸 =  
1

𝐾
 ∑ 𝑙𝑜𝑔2

𝐾
𝐾=1   

|𝐈𝑁s
+

𝐖𝐻[𝑘]𝐇[𝑘]𝐅RF𝐅BB[𝑘]𝐅BB
𝐻 [𝑘]𝐅RF

𝐻 𝐇𝐻[𝑘]𝐖[𝑘]

𝜎𝑛
2 |.     (7) 

 

To maximize the spectral efficiency of OFDM-JSC system, 

the hybrid beamforming matrix should be designed to 

approximate the optimal fully digital beamforming matrix 

𝐅com[𝑘] ∈ ℂ𝑁t×𝑁s , which can be obtained via singular value 

decomposition (SVD) [22] 

 

𝐇[𝑘] = 𝐔[𝑘]𝚺[𝑘]𝐕𝐻[𝑘].                        (8) 

 

𝐔[𝑘] = [�̃�[𝑘], �̅�[𝑘]] ∈ ℂ𝑁r×rank(𝐇[𝑘]) is the left singular 

value matrix of channel matrix 𝐇[𝑘], where �̃�[𝑘] ∈ ℂ𝑁r×𝑁s. 

The optimal fully digital combining matrix for 𝑘th subcarrier 

in UE receiver is given by 𝐖[𝑘] = �̃�[𝑘]. 

𝐕[𝑘] = [�̃�[𝑘], �̅�[𝑘]] ∈ ℂ𝑁t×rank(𝐇[𝑘]) is the right singular 

value matrix of channel matrix 𝐇[𝑘] , where �̃�[𝑘] ∈
ℂ𝑁t×𝑁s . The optimal fully digital beamforming matrix for 𝑘th 

subcarrier is given by 𝐅com[𝑘] = �̃�[𝑘]. 
For HBF-OFDM-JSC transmitter, the sub-problem for 

downlink communication hybrid beamforming design can be 

modeled as [22] 

 

min
𝐅RF,{𝐅BB[𝑘]}𝑘∈𝒦

∑ ‖𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]‖𝐹𝑘∈𝒦 .       (9) 

         s. t.         ∑ ‖𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
= 𝐾𝑃𝑇  

                         |[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗  

 

For HBP-OFDM-JSC transmitter, the constraints should 

be changed due to the special structure of 𝐅RF . Thus, the 

corresponding sub-problem for downlink communication 

hybrid beamforming design can be modeled as 
 

min
𝐅RF,{𝐅BB[𝑘]}𝑘∈𝒦

∑ ‖𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]‖𝐹𝑘∈𝒦 .      (10) 

         s. t.         ∑ ‖𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
=

𝐾𝑁RF𝑃𝑇

𝑁t
  

                         |[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗 ∈ ℒ  

                         |[𝐅RF]𝑖,𝑗| = 0, ∀𝑖, 𝑗 ∈ ℒ̅  

 

Where ℒ denotes for the set of non-zero elements in 𝐅RF 

and ℒ̅  denotes for the set of zero elements in 𝐅RF , 

corresponds to (2). 

 

3.2 Sensing Sub-problem 
 

Suppose that there are 𝑁tar directions of interest which 

need to be detected, the corresponding discrete azimuth angles 

are {𝜃1, 𝜃2, … , 𝜃𝑁tar
} . The baseline analog beamforming 

matrix for MIMO-OFDM radar is given by 

 

𝐅rad = [𝐚(𝜃1), 𝐚(𝜃2), … , 𝐚(𝜃𝑁tar
)] ∈ ℂ𝑁t×𝑁tar.     (11) 

 

𝐚(𝜃𝑖) = [1, 𝑒j𝜋sin𝜃𝑖 , … , 𝑒j𝜋(𝑁t−1)sin𝜃𝑖]
𝑇

∈ ℂ𝑁t×1, 𝑖 =

1, … , 𝑁tar is transmit antenna array response vector. While for 

the subarrayed MIMO-OFDM radar [23], the baseline analog 

beamforming matrix with a block diagonal structure is given 

by 

 

𝐅rad =

[
 
 
 
𝐚(𝜃1) 𝟎 ⋯ 𝟎

𝟎 𝐚(𝜃2) 𝟎

⋮ ⋱ ⋮
𝟎 𝟎 ⋯ 𝐚(𝜃𝑁tar

)]
 
 
 

∈ ℂ𝑁t×𝑁tar. (12) 

 

𝐚(𝜃𝑖) = [1, 𝑒j𝜋sin𝜃𝑖 , … , 𝑒
j𝜋(

𝑁t
𝑁tar

−1)sin𝜃𝑖]

𝑇

∈ ℂ
𝑁t

𝑁tar
×1

, 𝑖 =

1, … , 𝑁tar is transmit antenna array response vector. The 

sub-problem for radar sensing hybrid beamforming design in 

OFDM-JSC transmitter can be modeled as 

 

min
𝐅RF,{𝐅BB[𝑘]}𝑘∈𝒦

∑ ‖𝐅RF𝐅BB[𝑘] − 𝐅rad𝐀[𝑘]‖𝐹𝑘∈𝒦 .     (13) 

         s. t.          𝐀[𝑘]𝐀𝐻[𝑘] = 𝐈𝑁tar
                   

  

Where 𝐀[𝑘] ∈ ℂ𝑁tar×𝑁s , 𝑘 = 1,… , 𝐾  is the auxiliary 

unitary matrix which can match the dimensions of 

𝐅RF𝐅BB[𝑘] ∈ ℂ𝑁t×𝑁s  and 𝐅rad ∈ ℂ𝑁t×𝑁tar  without changing 

the desired transmit beampattern. 

 

3.3 Joint Optimization Problem 
 

To solve the sub-problems for downlink communication 

and radar sensing above, we formulate the JSC beamforming 

design as a weighted minimization problem where the optimal 

fully digital beamforming matrix and the baseline radar 

beamforming matrix are respectively approached depending 

on the weights assigned to downlink communication and radar 

sensing. For HBF-OFDM-JSC transmitter, we construct the 

beamforming problem as 

 

min
𝐅RF,{𝐅BB[𝑘],𝐀[𝑘]}𝑘∈𝒦

∑ {𝜂‖𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]‖𝐹 +𝑘∈𝒦

                                        (1 − 𝜂)‖𝐅RF𝐅BB[𝑘] − 𝐅rad𝐀[𝑘]‖𝐹}  

             s. t.             ∑ ‖𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
= 𝐾𝑃𝑇  

                                 |[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗  

                                𝐀[𝑘]𝐀𝐻[𝑘] = 𝐈𝑁tar
.             (14) 

 

Correspondingly, for HBP-OFDM-JSC transmitter, we 

construct the beamforming problem as 

 

min
𝐅RF,{𝐅BB[𝑘],𝐀[𝑘]}𝑘∈𝒦

∑ {𝜂‖𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]‖𝐹 +𝑘∈𝒦

(1 − 𝜂)‖𝐅RF𝐅BB[𝑘] − 𝐅rad𝐀[𝑘]‖𝐹}  

             s. t.            ∑ ‖𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
=

𝐾𝑁RF𝑃𝑇

𝑁t
  

|[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗 ∈ ℒ  

|[𝐅RF]𝑖,𝑗| = 0, ∀𝑖, 𝑗 ∈ ℒ̅  
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𝐀[𝑘]𝐀𝐻[𝑘] = 𝐈𝑁tar
.                           (15) 

 

𝜂 ∈ [0, 1] is an artificially set weighting factor, which can 

provide a trade-off between downlink communication and 

radar sensing for OFDM-JSC system. If 𝜂 = 1 (𝜂 = 0), (14) 

or (15) is equal to a communication-only (sensing-only) 

hybrid beamforming problem. 

 

4 Alternating Optimization 
 

We propose low-complexity alternating optimization 

methods in the following that can provide near-optimal 

solutions to problem (14) and (15), through which 𝐅RF , 
{𝐅BB[𝑘]}𝑘∈𝒦 , as well as {𝐀[𝑘]}𝑘∈𝒦  are estimated one-by-one 

while the others are fixed. 

 

4.1 Alternating Optimization Algorithm for 

HBP-JSC Transmitter 
 

By fixing 𝐅RF and {𝐅BB[𝑘]}𝑘∈𝒦, we first optimize 
{𝐀[𝑘]}𝑘∈𝒦 by solving the following problem 

 

min
{𝐀[𝑘]}𝑘∈𝒦

∑ ‖𝐅rad𝐀[𝑘]−𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
  

s. t.     𝐀[𝑘]𝐀𝐻[𝑘] = 𝐈𝑁tar
.                     (16) 

 

Note that (16) is equivalent to an Orthogonal Procrustes 

problem (OPP). And we can optimally solve (16) via singular 

value decomposition (SVD) [24] 

 

𝐅rad
𝐻 𝐅RF𝐅BB[𝑘] = 𝐔[𝑘]𝚺[𝑘]𝐕𝐻[𝑘].               (17) 

 

Then the globally optimal solution of {𝐀[𝑘]}𝑘∈𝒦  is given 

by 

 

𝐀[𝑘] = 𝐔[𝑘]𝐈𝑁tar×𝑁s
𝐕𝐻[𝑘].                    (18) 

 

According to the triangle inequality of norm, we have 

 

𝜂‖𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]‖𝐹 + (1 − 𝜂)‖𝐅RF𝐅BB[𝑘] −
𝐅rad𝐀[𝑘]‖𝐹  

≥ ‖𝜂(𝐅RF𝐅BB[𝑘] − 𝐅com[𝑘]) + (1 − 𝜂)(𝐅RF𝐅BB[𝑘] −
𝐅rad𝐀[𝑘])‖𝐹  

= ‖𝐅RF𝐅BB[𝑘] − 𝜂𝐅com[𝑘] − (1 − 𝜂)𝐅rad𝐀[𝑘]‖𝐹.   (19) 

 

Then we can rewrite the objective function of (14) and 

(15) as 

 

∑ ‖𝐅RF𝐅BB[𝑘] − 𝐅CR[𝑘]‖𝐹
2

𝑘∈𝒦
.                 (20) 

 

Where 𝐅CR[𝑘] = 𝜂𝐅com[𝑘] + (1 − 𝜂)𝐅rad𝐀[𝑘] ∈ ℂ𝑁t×𝑁s . 

Note that when we fix {𝐀[𝑘]}𝑘∈𝒦 , the matrix {𝐅CR[𝑘]}𝑘∈𝒦  is 

also fixed. Then we substitute (20) into (15), and fix 𝐅RF and 
{𝐀[𝑘]}𝑘∈𝒦 , the optimization for {𝐅BB[𝑘]}𝑘∈𝒦  can be written 

as 

 

min
{𝐅BB[𝑘]}𝑘∈𝒦

∑ ‖𝐅RF𝐅BB[𝑘] − 𝐅CR[𝑘]‖𝐹
2

𝑘∈𝒦
.         (21) 

       s. t.     ∑ ‖𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
=

𝐾𝑁RF𝑃𝑇

𝑁t
  

 

The least squares solution of {𝐅BB[𝑘]}𝑘∈𝒦  in (21) is given 

by 

𝐅BB[𝑘] = 𝐅RF
† 𝐅CR[𝑘].                          (22) 

 

Now we fix  {𝐅BB[𝑘]}𝑘∈𝒦  and {𝐀[𝑘]}𝑘∈𝒦 , as well as 
{𝐅CR[𝑘]}𝑘∈𝒦 , and rewrite the optimization problem for 𝐅RF in 

a more compact form as 

 

min
𝐅RF

  ‖𝐅RF�̃�BB − �̃�CR‖
𝐹

2
.                        (23) 

 s. t.   |[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗 ∈ ℒ  

          |[𝐅RF]𝑖,𝑗| = 0, ∀𝑖, 𝑗 ∈ ℒ̅  

 

As we define 

�̃�BB = [𝐅BB[1], 𝐅BB[2],⋯ , 𝐅BB[𝐾]] ∈ ℂ𝑁RF×𝐾𝑁s , 

�̃�CR = 𝜂�̃�com + (1 − 𝜂)𝐅rad�̃�  

    = [𝐅CR[1], 𝐅CR[2],⋯ , 𝐅CR[𝐾]] ∈ ℂ𝑁t×𝐾𝑁s, 

�̃� = [𝐀[1],⋯ , 𝐀[𝐾]] ∈ ℂ𝑁tar×𝐾𝑁s , 

�̃�com = [𝐅com[1],⋯ , 𝐅com[𝐾]] ∈ ℂ𝑁t×𝐾𝑁s . 

Due to the special structure of 𝐅RF  as (2), the near-

optimal solution of (23) can be obtained via phase rotation 

 

(𝐅RF)𝑖,𝑗 = exp (1j ∗ arg [(�̃�CR)
𝑖,∶
(�̃�BB)

𝑗,∶

𝐻
]) , ∀𝑖, 𝑗 ∈ ℒ.(24) 

Where 1j stands for the imaginary unit. Lastly, in order to 

guarantee the transmit power constraint in (15), we should 

normalize the digital beamforming matrix as 𝐅BB[𝑘] =

√
𝑃𝑇𝑁RF

𝑁t

𝐅BB[𝑘]

‖𝐅BB[𝑘]‖𝐹
, 𝑘 ∈ 𝒦 = {1,… , 𝐾} . The alternating 

optimization algorithm for HBP-JSC beamforming is 

summarized in Algorithm 1. 

 

Algorithm 1. Alternating optimization algorithm to  

solve (15) 

Input: 𝐇[𝑘] ∈ ℂ𝑁r×𝑁t , 𝐅com[𝑘] ∈ ℂ𝑁t×𝑁s , 𝐅rad ∈ 

              ℂ𝑁t×𝑁tar, 𝜂 ∈ [0, 1], 𝑃𝑇 , 𝑘 ∈ 𝒦 = {1,… , 𝐾} 

Output: 𝐅RF ∈ ℂ𝑁t×𝑁RF, 𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 

                  𝒦 = {1, … , 𝐾} 
1: Initialize 𝐅RF ∈ ℂ𝑁t×𝑁RF, 𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 

     𝒦 = {1, … , 𝐾}. 
2: repeat 

3: Compute 𝐀[𝑘] ∈ ℂ𝑁tar ×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾} by (18), 

  and construct 𝐅CR[𝑘] = 𝜂𝐅com[𝑘] + (1 − 𝜂)𝐅rad𝐀[𝑘] 
     ∈ ℂ𝑁t×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾}. 
4: Compute 𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾} by 

(22), and construct �̃�BB ∈ ℂ𝑁RF×𝐾𝑁s, �̃�CR ∈ ℂ𝑁t×𝐾𝑁s . 

5: Compute 𝐅RF ∈ ℂ𝑁t×𝑁RF by (24). 

6: until convergence 

7: Normalize 𝐅BB[𝑘] = √
𝑃𝑇𝑁RF

𝑁t

𝐅BB[𝑘]

‖𝐅BB[𝑘]‖𝐹
, 𝑘 ∈ 𝒦 = 

    {1, … , 𝐾}. 

 

4.2 Alternating Optimization Algorithm for 

HBF-JSC Transmitter 
 

Now we discuss the alternating optimization to solve (14). 

Similar to Algorithm 1, we first fix 𝐅RF  and {𝐅BB[𝑘]}𝑘∈𝒦 , 

then the globally optimal solution for {𝐀[𝑘]}𝑘∈𝒦 can also be 

obtained via (18). Then we fix {𝐀[𝑘]}𝑘∈𝒦  as well as 
{𝐅CR[𝑘]}𝑘∈𝒦 , the alternating optimization for 𝐅RF  and 
{𝐅BB[𝑘]}𝑘∈𝒦  in HBF-JSC transmitter can be modeled as 
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min
𝐅RF,{𝐅BB[𝑘]}𝑘∈𝒦

∑ ‖𝐅CR[𝑘] − 𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
.     (25) 

         s. t.        ∑ ‖𝐅RF𝐅BB[𝑘]‖𝐹
2

𝑘∈𝒦
= 𝐾𝑃𝑇     

                         |[𝐅RF]𝑖,𝑗| = 1, ∀𝑖, 𝑗  

 

Note that (25) is similar to the communication-only hybrid 

beamforming problem in (9). Here we recommend PE-AltMin 

Algorithm [25] to estimated 𝐅RF  and {𝐅BB[𝑘]}𝑘∈𝒦  when 
{𝐀[𝑘]}𝑘∈𝒦  is fixed. We first fix 𝐅RF and {𝐀[𝑘]}𝑘∈𝒦 , as well 

as {𝐅CR[𝑘]}𝑘∈𝒦 , and temporarily ignore the transmit power 

constraint, then the unconstrained digital beamforming matrix 
{𝐅DD[𝑘]}𝑘∈𝒦  can be obtained via singular value 

decomposition (SVD) 

 

𝐅CR
𝐻 [𝑘]𝐅RF = 𝐔[𝑘]𝚺[𝑘]𝐕𝐻[𝑘].                  (26) 

 

Then the globally optimal solution can be obtained by 

 

𝐅DD[𝑘] = 𝐕[𝑘]𝐈𝑁RF×𝑁s
𝐔𝐻[𝑘].                  (27) 

 

After all the {𝐅DD[𝑘]}𝑘∈𝒦  have been updated in parallel, 

we can get the closed-form solution of 𝐅RF through 

 

arg(𝐅RF) = arg (∑ 𝐅CR[𝑘]𝐅DD
𝐻 [𝑘]

𝐾

𝑘=1
).           (28) 

 

Finally, in order to guarantee the transmit power constraint 

in (14), we should normalize the digital beamforming matrix 

as 𝐅BB[𝑘] =
√𝑃𝑇

‖𝐅RF𝐅BB[𝑘]‖𝐹
𝐅DD[𝑘], 𝑘 ∈ 𝒦 = {1,… , 𝐾} . The 

alternating optimization algorithm for HBF-JSC beamforming 

is summarized in Algorithm 2. 

 

Algorithm 2. Alternating optimization algorithm to  

solve (14) 

Input: 𝐇[𝑘] ∈ ℂ𝑁r×𝑁t , 𝐅com[𝑘] ∈ ℂ𝑁t×𝑁s , 𝐅rad ∈ 

              ℂ𝑁t×𝑁tar, 𝜂 ∈ [0, 1], 𝑃𝑇 , 𝑘 ∈ 𝒦 = {1,… , 𝐾} 

Output: 𝐅RF ∈ ℂ𝑁t×𝑁RF, 𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 

                  𝒦 = {1, … , 𝐾} 
1: Initialize 𝐅RF ∈ ℂ𝑁t×𝑁RF, 𝐅BB[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 

     𝒦 = {1, … , 𝐾}. 
2: repeat 

3: Compute 𝐀[𝑘]  ∈ ℂ𝑁tar ×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾} by (18), 

  and construct 𝐅CR[𝑘] = 𝜂𝐅com[𝑘] + (1 − 𝜂)𝐅rad𝐀[𝑘] ∈ 

    ℂ𝑁t×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾}. 
4: Compute 𝐅DD[𝑘] ∈ ℂ𝑁RF×𝑁s , 𝑘 ∈ 𝒦 = {1,… , 𝐾} by 

(27). 

5: Compute 𝐅RF ∈ ℂ𝑁t×𝑁RF by (28). 

6: until convergence 

7: Normalize 𝐅BB[𝑘] =
√𝑃𝑇

‖𝐅RF𝐅BB[𝑘]‖𝐹
𝐅DD[𝑘], 𝑘 ∈ 𝒦 = 

    {1, … , 𝐾}. 

 

5 Beamforming Design for MU-MISO 

JSC 
 

5.1 System Model 
 

Now we consider an OFDM-JSC system serving 

𝑁U single receive antenna UEs, while steering probe beams 

towards 𝑁tar directions. It is worth noting that 𝑁U ≤ 𝑁t 

must be satisfied. And different from SU-MIMO scenario, the 

digital beamforming structure with 𝑁t  antennas ULA is 

equipped in JSC transmitter in multi-user MISO (MU-MISO) 

scenario, as shown in Figure 2. 

 

JSC system

1h

2h

U
hN

1UE

2UE

U
UEN

Target

Target

Target

 

Figure 2. JSC beamforming in MU-MISO scenario 

 

After the baseband demodulation operation in 𝑢th UE, the 

received symbol at 𝑘th subcarrier can be expressed as 

 

y𝑢[𝑘] = 𝐡𝑢[𝑘]𝐅[𝑘]𝐬[𝑘] + n𝑢[𝑘].                 (29) 

 

𝐬[𝑘] = [s1[𝑘],… , s𝑁U
[𝑘]]

𝑇

∈ ℂ𝑁U×1, 𝑘 ∈ 𝒦 =

{1,… , 𝐾}  denotes for the symbol vector transmitted towards 

𝑁U UEs at 𝑘 th subcarrier, which satisfies that 

𝔼{𝐬[𝑘]𝐬𝐻[𝑘]} = 𝐈𝑁U
. 𝐾 is the total number of subcarriers. 

𝐡𝑢[𝑘] ∈ ℂ1×𝑁t , 𝑢 = 1,… , 𝑁U  denotes for the frequency 

domain channel vector at 𝑘th subcarrier between JSC system 

and 𝑢th UE. Then we can rewrite (29) into a more compact 

form as 

 

𝐲[𝑘] = 𝐇[𝑘]𝐅[𝑘]𝐬[𝑘] + 𝐧[𝑘].                  (30) 

 

𝐇[𝑘] = [𝐡1[𝑘]; 𝐡2[𝑘]; … ; 𝐡𝑁U
[𝑘]] ∈ ℂ𝑁U×𝑁t  is the 

frequency domain channel matrix at 𝑘th  subcarrier and 

𝐧[𝑘] ∈ ℂ𝑁U×1 represents the complex AWGN vector at 𝑘th 

subcarrier, whose elements obey independent and identical 

distribution 𝒞𝒩(0, 𝜎𝑛
2). 

Note that digital beamforming matrix 𝐅[𝑘] ∈ ℂ𝑁t×𝑁U  is 

performed for each subcarrier. Let 𝑃𝑇  denotes the average 

transmit power per subcarrier, for the whole bandwidth we 

have the constraint ∑ ‖𝐅[𝑘]‖𝐹
2

𝑘∈𝒦
= 𝐾𝑃𝑇. 

The correlation matrix of baseband equivalent signal at 

𝑘th subcarrier can be expressed as 

 

𝐑[𝑘] = 𝔼(𝐅[𝑘]𝐬[𝑘]𝐬𝐻[𝑘]𝐅𝐻[𝑘])                (31) 

            = 𝐅[𝑘]𝔼(𝐬[𝑘]𝐬𝐻[𝑘])𝐅𝐻[𝑘] = 𝐅[𝑘]𝐅𝐻[𝑘].  

 

The beampattern of JSC transmitter can also be obtained 

through (4). We can observe from (31) that designing transmit 

beampattern is equivalent to designing beamforming matrix. 

Note that (30) can be rewritten as 

 

𝐲[𝑘] = 𝐬[𝑘] + (𝐇[𝑘]𝐅[𝑘]𝐬[𝑘] − 𝐬[𝑘]) + 𝐧[𝑘]     (32) 

            = 𝐬[𝑘] + (𝐇[𝑘]𝐅[𝑘] − 𝐈𝑁U
)𝐬[𝑘] + 𝐧[𝑘].  
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Notice that the second term above can be viewed as 

multiuser interference. And the total power of multiuser 

interference at 𝑘 th subcarrier can be measured as 

‖𝐇[𝑘]𝐅[𝑘] − 𝐈𝑁U
‖

𝐹

2
. The SINR for 𝑢th UE is [26] 

 

SINR𝑢[𝑘] =
𝔼(|s𝑢[𝑘]|2)

𝔼(|𝐡𝑢[𝑘]𝐅[𝑘]𝐬[𝑘]−s𝑢[𝑘]|2)+𝜎𝑛
2 .           (33) 

 

Then the spectral efficiency of JSC system is given by 

 

SE =
1

𝐾
∑ ∑ log2(1 + SINR𝑢[𝑘])𝑁U

𝑢=1
𝐾
𝑘=1 .          (34) 

 

For the sake of simplicity, we only use narrowband OFDM 

as an example and omit the subcarrier index 𝑘  in the 

following. The channel vector between JSC system and 𝑢th 

UE can be modeled as [27] 

 

𝐡𝑢 = √
𝑁t

𝑁C
∑ 𝛼𝑖

𝑢𝐚𝐻(𝜃𝑖
𝑢)

𝑁C

𝑖=1
, 𝑢 = 1,… , 𝑁U.        (35) 

 

Assuming the same number of propagation paths from JSC 

transmitter to each UE, denoted by 𝑁C. 𝛼𝑖
𝑢 is the complex 

gain of 𝑖 th path to 𝑢 th UE following complex Gaussian 

distribution 𝛼𝑖
𝑢 ∼ 𝒞𝒩(0, 1). 𝜃𝑖

𝑢 is discrete azimuth AoD of 

𝑖th path to 𝑢th UE. 

 

𝐚(𝜃𝑖
𝑢) =

1

√𝑁t
[1, 𝑒j𝜋sin𝜃𝑖

𝑢
, … , 𝑒j𝜋(𝑁t−1)sin𝜃𝑖

𝑢
]
𝑇

∈

ℂ𝑁t×1 denotes for normalized transmit antenna array response 

vector. Note that the number of UEs and perfect CSI are 

assumed to be known in JSC transmitter before beamforming 

design. 

 

5.2 JSC Beamforming Design with Sensing-and-

Communication Trade-off 
 

Similar to (14) and (15), we provide JSC system with a 

trade-off between radar sensing and downlink communication 

by artificially defining the weight factor 𝜂 ∈ [0, 1]. We first 

impose transmit power constraint over total antenna array, 

then we construct the weighted minimization problem for JSC 

beamforming as 

 

min
𝐅

  𝜂‖𝐇𝐅 − 𝐈𝑁U
‖

𝐹

2
+ (1 − 𝜂)‖𝐅 − 𝐅0‖𝐹

2 .         (36) 

 s. t.  ‖𝐅‖𝐹
2 = 𝑃𝑇  

 

Where 𝐅0 ∈ ℂ𝑁t×𝑁U  is the digital beamforming matrix 

corresponding to the baseline radar beampattern, which can be 

constructed by 

 

𝐅0 = [𝐅rad, 𝟎𝑁t×(𝑁U−𝑁tar)] ∈ ℂ𝑁t×𝑁U.             (37) 

 

𝐅rad ∈ ℂ𝑁t×𝑁tar  is the analog beamforming matrix 

corresponding to the baseline radar beampattern, which can be 

constructed by the method similar to (11) 

 

𝐅rad = [𝐚(𝜃1), 𝐚(𝜃2), … , 𝐚(𝜃𝑁tar
)] ∈ ℂ𝑁t×𝑁tar.     (38) 

 

Now we rewrite the objective function of (36) as 

 

𝜂‖𝐇𝐅 − 𝐈𝑁U
‖

𝐹

2
+ (1 − 𝜂)‖𝐅 − 𝐅0‖𝐹

2 .             (39) 

= ‖[√𝜂𝐇;√1 − 𝜂𝐈𝑁t
]𝐅 − [√𝜂𝐈𝑁U

; √1 − 𝜂𝐅0]‖𝐹

2
        

 

Then we define 

𝐀 = [√𝜂𝐇;√1 − 𝜂𝐈𝑁t
] ∈ ℂ(𝑁U+𝑁t)×𝑁t, 

𝐁 = [√𝜂𝐈𝑁U
; √1 − 𝜂𝐅0] ∈ ℂ(𝑁U+𝑁t)×𝑁U. 

The objective function of (36) can be rewritten as 

 
‖𝐀𝐅 − 𝐁‖𝐹

2 = tr[(𝐀𝐅 − 𝐁)(𝐀𝐅 − 𝐁)𝐻]  

= tr(𝐅𝐻𝐀𝐻𝐀𝐅) − tr(𝐅𝐻𝐀𝐻𝐁) − tr (𝐁𝐻𝐀𝐅).       (40) 

 

By defining 𝓐 = 𝐀𝐻𝐀, 𝓑 = 𝐀𝐻𝐁, and substituting (40) 

into (36), we have 

 

min
𝐅

  tr(𝐅𝐻𝓐𝐅) − tr(𝐅𝐻𝓑) − tr(𝓑𝐻𝐅).           (41) 

  s. t.  ‖𝐅‖𝐹
2 = 𝑃𝑇  

 

Then the Lagrange Multiplier method is used to solve (41). 

The Lagrangian function is defined as 

 

𝐿(𝐅, λ) = tr(𝐅𝐻𝓐𝐅) − tr(𝐅𝐻𝓑)  

               − tr(𝓑𝐻𝐅) + λ(‖𝐅‖𝐹
2 − 𝑃𝑇).            (42) 

 

λ is the Lagrange Multiplier. Then we take the derivative 

of Lagrangian function (42) as 

 

∇𝐿(𝐅, λ) = 2(𝓐 + λ𝐈𝑁t
)𝐅 − 2𝓑.                (43) 

 

Then we can obtain the optimal digital beamforming 

matrix 𝐅opt by setting (43) equal to zero 

 

2(𝓐 + λopt𝐈𝑁t
)𝐅opt − 2𝓑 = 𝟎.                 (44) 

 

𝐅opt = (𝓐 + λopt𝐈𝑁t
)
†
𝓑.                      (45) 

 

The second derivative of Lagrangian function (42) is 

(𝓐 + λ𝐈𝑁t
). To ensure the existence of minimum point, the 

second derivative of Lagrangian function, also known as 

Hessian matrix, must be positive definite, which means that all 

eigenvalues of matrix (𝓐 + λopt𝐈𝑁t
) must be greater than 0. 

The eigenvalue decomposition (EVD) of matrix (𝓐 +

λopt𝐈𝑁t
) is given by 

 

(𝓐 + λopt𝐈𝑁t
) = 𝐕(𝚺 + λopt𝐈𝑁t

)𝐕−1.            (46) 

 

Where 𝓐 =  𝐕𝚺𝐕−1  is the eigenvalue decomposition 

(EVD) of matrix 𝓐, 𝐕 ∈ ℂ𝑁t×𝑁t  is a unitary matrix which 

contains the eigenvectors of matrix 𝓐, and satisfies 𝐕−1 =

𝐕𝐻 .  𝚺 = diag(λ1, λ2, … , λ𝑁t
) ∈ ℂ𝑁t×𝑁t  is a diagonal matrix 

whose diagonal contains the eigenvalues of matrix 𝓐 and the 

rest entries are all zeros. Correspondingly, the diagonal matrix 

(𝚺 + λopt𝐈𝑁t
) places the eigenvalues of matrix (𝓐 +

λopt𝐈𝑁t
) on its diagonal. 

By defining the smallest eigenvalue of matrix 𝓐 as λmin, 

we have the conclusion that λopt > −λmin . By substituting 

(45) and (46) into the transmit power constraint ‖𝐅‖𝐹
2 = 𝑃𝑇, 

we have the following equation 
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‖(𝓐 + λopt𝐈𝑁t
)
†
𝓑‖

𝐹

2

= ‖𝐕(𝚺 + λopt𝐈𝑁t
)
−1

𝐕−1𝓑‖
𝐹

2

  

  = ‖𝐕(𝚺 + λopt𝐈𝑁t
)
−1

𝐕𝐻𝓑‖
𝐹

2

= ‖(𝚺 + λopt𝐈𝑁t
)
−1

𝐕𝐻𝓑‖
𝐹

2

  

= ∑
‖𝐃(𝑖,∶)‖2

(λopt+λ𝑖)
2

𝑁t
𝑖=1 = 𝑃𝑇 .                           (47) 

 

Where 𝐃 = 𝐕𝐻𝓑 . Then we can construct a one-

dimensional search problem as 

 

min
λopt

  λopt𝑃𝑇 + ∑
‖𝐃(𝑖,∶)‖2

(λopt+λ𝑖)

𝑁t
𝑖=1  .                  (48) 

 s. t. − λmin < λopt < 10  

 

Here we can choose a suitable one-dimensional 

optimization method, such as Bisection method or Golden 

Section Search method [28] to solve (48), and then we can 

substitute λopt into (45) to obtain 𝐅opt. The low-complexity 

algorithm for JSC beamforming with total antenna array 

transmit power constraint is summarized in Algorithm 3. 

 

Algorithm 3. A low-complexity algorithm to solve (36) 

 

Input: 𝐇 ∈ ℂ𝑁U×𝑁t , 𝐅rad ∈ ℂ𝑁t×𝑁tar, 𝑃𝑇 , 𝜂 ∈ [0, 1] 

Output: 𝐅opt ∈ ℂ𝑁t×𝑁U  

1: Construct  𝐅0 ∈ ℂ𝑁t×𝑁U by (37). 

2: Construct  𝐀 ∈ ℂ(𝑁U+𝑁t)×𝑁t  and 𝐁 ∈ ℂ(𝑁U+𝑁t)×𝑁U , 

and construct 𝓐 = 𝐀𝐻𝐀 and 𝓑 = 𝐀𝐻𝐁. 

3: Use Golden Section Search to solve (48), and obtain 

λopt. 

4: Compute 𝐅opt by (45). 

 

On next stage, we consider JSC beamforming design with 

transmit power constraint on per antenna, similar to (36), we 

rewrite the weighted minimization problem as 

 

min
𝐅

  𝜂‖𝐇𝐅 − 𝐈𝑁U
‖

𝐹

2
+ (1 − 𝜂)‖𝐅 − 𝐅0‖𝐹

2 .         (49) 

  s. t.  diag(𝐅𝐅𝐻) =
𝑃𝑇

𝑁t
𝐈𝑁t

  

 

The corresponding 𝐅0 can be obtained via (37). Then we 

construct 𝐀 ∈ ℂ(𝑁U+𝑁t)×𝑁t  and 𝐁 ∈ ℂ(𝑁U+𝑁t)×𝑁U  again, 

and rewrite (48) as 

 

min
𝐅

  ‖𝐀𝐅 − 𝐁‖𝐹
2 .                            (50) 

 s. t.  diag(𝐅𝐅𝐻) =
𝑃𝑇

𝑁t
𝐈𝑁t

  

 

By temporarily ignoring the transmit power constraint on 

per antenna, and define 𝐅𝐻 = √
𝑃𝑇

𝑁t
𝐅B ∈ ℂ𝑁U×𝑁t, we can also 

rewrite (50) as 

 

min
𝐅B

  ‖√
𝑃𝑇

𝑁t
𝐅B𝐀𝐻 − 𝐁𝐻‖

𝐹

2

.                     (51) 

 s. t.   diag(𝐅B
𝐻𝐅B) = 𝐈𝑁t

  

 

The Euclidean gradient of the objective function in (51) 

can be calculated as 2 (√
𝑃𝑇

𝑁t
𝐅B𝐀𝐻 − 𝐁𝐻)√

𝑃𝑇

𝑁t
𝐀. 

 

Here we recommend the complex oblique manifold 

factory of MATLAB Manopt toolbox and Conjugate Gradient 

algorithm to solve (51) [29]. In order to guarantee the transmit 

power constraint on per antenna, the optimal digital 

beamforming matrix should be normalized as 𝐅opt = √
𝑃𝑇

𝑁t
𝐅B

𝐻. 

And we summarize the low-complexity algorithm for JSC 

beamforming with per antenna transmit power constraint in 

Algorithm 4. 

 

Algorithm 4. A low-complexity algorithm to solve (49) 

 

Input: 𝐇 ∈ ℂ𝑁U×𝑁t , 𝐅rad ∈ ℂ𝑁t×𝑁tar, 𝑃𝑇 , 𝜂 ∈ [0, 1] 

Output: 𝐅opt ∈ ℂ𝑁t×𝑁U  

1: Construct 𝐅0 ∈ ℂ𝑁t×𝑁U  by (37). 

2: Construct 𝐀 ∈ ℂ(𝑁U+𝑁t)×𝑁t and 𝐁 ∈ ℂ(𝑁U+𝑁t)×𝑁U . 

3: Compute 𝐅B ∈ ℂ𝑁U×𝑁t by solving (51), and 

normalize as 𝐅opt = √
𝑃𝑇

𝑁t
𝐅B

𝐻. 

 

6 Simulation Results 
 

6.1 Hybrid Beamforming Design Analysis for 

SU-MIMO JSC 
 

In this section, we will test the performance of Algorithm 

1 and Algorithm 2 via Monte-Carlo simulation. Assuming 

𝑁s = 10  data streams at each subcarrier are sent from 

OFDM-JSC transmitter with 𝑁t = 120 antennas and 𝑁RF =
20 RF chains to a UE with 𝑁r = 40 receive antennas, while 

the discrete azimuth angles of directions which need to be 

detected are [−45∘, 0∘, 45∘], respectively. We set the average 

transmit power per subcarrier as 𝑃𝑇 = 1W. And the total 

number of subcarriers is 𝐾 = 32 . In our simulation, the 

parameters related to channel model (3) are set as 𝑁C = 5 

clusters with 𝑁R = 10 rays in each cluster. And the discrete 

azimuth AoAs and AoDs of each ray are generated through 

Laplacian distribution with mean cluster angles, which are 

independently and uniformly distributed over [−
𝜋

2
,
𝜋

2
]. And 

the angular spread within each cluster is 10°. Note that we did 

not set a strong LOS propagation path here. 

For simplicity in following simulation, let we use 

‘Optimal-FD’ to represent the spectral efficiency of OFDM-

JSC system with communication-only optimal fully digital 

beamformer. And the baseline radar beampattern is denoted 

by ‘Radar-only’. Then we denote the beamforming design for 

OFDM-JSC transmitter with partially connected hybrid 

beamforming structure and fully connected hybrid 

beamforming structure as ‘HBP’ and ‘HBF’, respectively. 

We first show the spectral efficiency of OFDM-JSC 

system in Figure 3. It can be observed that OFDM-JSC system 

will retain a poor communication performance when 𝜂 = 0, 

since at this time the beamforming in OFDM-JSC transmitter 

is only designed for radar sensing. By rising the value of 

weighting factor 𝜂, a larger weight is assigned to minimize 

the Euclidean distance between hybrid beamforming matrix 

and the optimal fully digital beamforming matrix, thus the 

spectral efficiency of OFDM-JSC system is also on the rise, 

and gradually approaching the optimal fully digital 

beamforming. 
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Through Figure 3, we can also observe that HBF-OFDM-

JSC transmitter performs better than HBP-OFDM-JSC 

transmitter in spectral efficiency when the weighting factor 

𝜂 > 0 . Especially when 𝜂 = 1 , the spectral efficiency of 

HBF-OFDM-JSC transmitter can almost approximate to the 

optimal fully digital beamforming, while there is still a 

significant gap in spectral efficiency between HBP-OFDM-

JSC transmitter and the optimal fully digital beamforming. 

This is because that the HBF-OFDM-JSC transmitter is 

equipped with more phase shifters than the HBP-OFDM-JSC 

transmitter, which also brings higher hardware costs and 

higher energy consumption, especially in massive MIMO 

system. 

 

 

(a) Hybrid JSC beamforming achieved by Algorithm 1 

 

 

(b) Hybrid JSC beamforming achieved by Algorithm 2 

Figure 3. Spectral efficiency vs SNR, when 𝜂 =
0, 0.2, 0.4, 0.6, 1 

 

Figure 4 shows the associated beampattern of OFDM-JSC 

transmitter. As we can observe that when 𝜂 = 1, OFDM-JSC 

transmitter cannot point its beams toward the directions which 

need to be detected, since at this time the beamforming in 

OFDM-JSC transmitter is only designed for downlink 

communication. It needs to be emphasized that since we 

assume that UE is NLOS, OFDM-JSC transmitter will not 

directly point its beam directed at the UE even when 𝜂 < 1. 

As the value of 𝜂 increases, the weight assigned to downlink 

communication increases, while the weight assigned to radar 

sensing decreases accordingly, which will cause the 

beampattern of OFDM-JSC transmitter to gradually deviate 

from the baseline radar beampattern. The specific 

performance is that the main lobe gain gradually decreases, 

and the side lobe gain gradually increases, while the main 

lobes can still be aligned with the directions which need to be 

detected, thus ensuring a certain radar sensing performance. 

Through Figure 4. We can observe that when the weighting 

factor 𝜂  is fixed, the beam width of HBF-OFDM-JSC 

transmitter is much narrower than that of HBP-OFDM-JSC 

transmitter, which also brings much higher main lobe gain. 

This is because that equipping fewer phase shifters limits the 

degrees of freedom (DOF) of beamforming design in HBP-

OFDM-JSC transmitter. 

 

 

(a) Hybrid JSC beamforming achieved by Algorithm 1 

 

 

(b) Hybrid JSC beamforming achieved by Algorithm 2 

Figure 4. Beampattern in azimuth plane, when 𝜂 =
0, 0.2, 0.4, 0.6, 1 

 

Then we reduce the number of antennas in HBF-OFDM-

JSC transmitter as 𝑁t = 40, and the corresponding simulation 

results are shown in Figure 5. The result is obvious that HBF-

OFDM-JSC transmitter with 𝑁t = 40 can achieve the same 

beam width as HBP-OFDM-JSC transmitter with 𝑁t = 120. 

And we can also see that with different value of 𝜂, the spectral 

efficiency of HBF-OFDM-JSC transmitter with 𝑁t = 40 is 

always higher than that of HBP-OFDM-JSC transmitter with 

𝑁t = 120 . As we can summarize that, HBF structure can 

provide much higher downlink communication and radar 

sensing performance for OFDM-JSC system than HBP 

structure. The only advantage of HBP structure is its lower 

hardware cost, which will inevitably lead to performance loss. 
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(a) Spectral efficiency vs SNR 

 

(b) Beampattern in azimuth plane 

Figure 5. Hybrid JSC beamforming achieved by Algorithm 2, 

when 𝜂 = 0, 0.2, 0.4, 0.6, 1 with 𝑁t = 40 

 

6.2 Beamforming Design Analysis for MU-MISO 

JSC 
 

In order to prove the effectiveness of proposed JSC 

beamforming design in MU-MISO scenario, we present 

numerical results in this section. In Monte-Carlo simulation, 

we set 𝑁t = 20 antennas equipped in JSC transmitter and the 

number of downlink single receive antenna UEs is set as 

𝑁U = 4, the average transmit power is 𝑃𝑇 = 1W. And we set 

the discrete azimuth angles corresponding to directions which 

need to be detected as [−45∘, 0∘, 45∘], respectively, which 

means 𝑁tar = 3. Suppose that QPSK modulation is used in 

the JSC system. In channel model (35), the number of 

propagation paths from JSC to each UE is set as 𝑁C = 10, and 

the discrete azimuth AOD of each path are independently 

generated from uniform distributions over [−
𝜋

2
,
𝜋

2
] . For 

convenience in the following simulation, we use ‘No MI’ to 

represent the ideal situation in absence of multiuser 

interference. Further, we denote JSC beamforming design 

with total antenna array transmit power constraint and per 

antenna transmit power constraint as ‘Total’ and ‘PerAnt’, 

respectively. 

We first show the spectral efficiency of JSC system in 

Figure 6(a). It can be observed that by setting 𝜂 = 0.4, the 

downlink communication performance of JSC system will 

suffer a certain loss. As the value of weighting factor 𝜂 

increases, the spectral efficiency of JSC system is also on the 

rise and gradually approaching the ideal situation without 

multiuser interference, since greater weight has been assigned 

to downlink communication and the multiuser interference 

will be sufficiently suppressed. 

Similar conclusions can also be drawn by analyzing the 

BER of JSC system, as shown in Figure 6(b). As the value of 

𝜂  increases, the bit error rate (BER) of JSC system drops 

rapidly, and can even reach the ideal situation without 

multiuser interference when 𝜂 is large enough. 

 

 

(a) Spectral efficiency vs SNR 

 

(b) Bit error rate vs SNR 

 
(c) Beampattern in azimuth plane 

Figure 6. JSC beamforming achieved by Algorithm 3 and 

Algorithm 4, when 𝜂 = 0.4, 0.6, 0.8 
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Figure 6(c) shows the associated beampattern of JSC 

transmitter. Similar to the SU-MIMO scenario we discussed 

in previous subsection, when the value of weighting factor 𝜂 

is on the rise, the transmit beampattern of JSC transmitter will 

gradually deviate from the baseline radar beampattern. The 

specific performance is that the main lobe gain gradually 

decreases, and the side lobe gain gradually increases, while the 

main lobes can still point to the specified directions which 

need to be detected, thus ensuring a certain radar sensing 

performance. It needs to be emphasized that although the JSC 

beamforming with total antenna array transmit power 

constraint and per antenna transmit power constraint can get 

similar downlink communication and radar sensing 

performance, the calculation complexity of Algorithm 4 is 

much higher than Algorithm 3. 

 

7 Conclusion 

 

In this paper, we investigate the beamforming design for 

OFDM-JSC system, which can simultaneously perform 

communication and sensing. And we considered hybrid 

beamforming structure and digital beamforming structure, 

which are equipped on JSC transmitter in SU-MIMO and MU-

MISO scenarios, respectively. The spectral efficiency and 

beampattern of JSC system achieved by proposed 

beamforming methods are evaluated, and the simulation 

results show that our proposed beamforming design can 

provide excellent radar sensing and downlink communication 

performance for JSC system in both SU-MIMO and MU-

MISO scenarios. More importantly, it enables JSC system to 

timely meet the changing communication and sensing 

requirements in practical application scenarios by properly 

adjusting the weighting factor, especially in internet of 

vehicles. In our future work, we will introduce mobile edge 

computing (MEC) to assist multiple JSC systems in 

beamforming, which will be called joint sensing, 

communication and computation (JSCC). 
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