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Abstract 

In recent years, spacecraft cluster flight has attracted 

more and more attention in the field of distributed 

spacecraft systems. The high-speed flight of the cluster 

flight spacecraft modules increases the uncertainty of 

network topology. In order to optimize the orbital design 

of the cluster flight spacecraft and improve the 

performance of cluster flight spacecraft network (CFSN), 

based on the dynamic connection of nodes, this paper 

studies the characteristics of dynamic connection and 

path spatial-temporal evolution by the probabilistic 

connectivity matrix in CFSN. Firstly, based on twin-

satellites mode, we establish the mobility model of nodes. 

And then by adopting empirical statistical method and 

curve fitting method, the solution of the nodal distance 

density function in the CFSN is obtained and the 

threshold range of nodal connection distance are derived 

under the constraints of CFSN. Finally, using the orbital 

data generated by STK (Satellite Tool Kit), through the 

definition of sequential path and a new matrix 

multiplication, the probabilistic connectivity matrix of 

sequential path of multiple hops between nodes is 

obtained. And the characteristics of dynamic connection 

and path spatial-temporal evolution in a orbital hyper-

period is studied. These results can provide theoretical 

reference for the design and optimization of CFSN. 

Keywords: Cluster flight spacecraft network (CFSN), 

Nodal connection, Probabilistic connectivity 

matrix, Spatial-temporal evolution 

1 Introduction 

In recent years, fractionated spacecraft with cluster 

flight model has become a hot topic in the field of 

distributed space network, due to its advantages of 

flexibility, rapid response, low cost, strong scalability 

and long lifetime. The previous work has made 

contribution to earth observation and space exploration 

[1-3]. Fractionated spacecraft distributes the functionality 

of a traditional large monolithic spacecraft into a 

number of heterogeneous modules. Each module can 

be viewed as a node through wireless communication, 

and the nodes construct the cluster flight spacecraft 

network (CFSN). Cluster flight spacecrafts require 

mutual cooperation between nodes to realize information 

exchange, navigation communication and power 

sharing. These spacecrafts constitute a virtual satellite 

platform with information exchange structure [4]. 

However, because of the high-speed flight of the 

cluster spacecraft module and the uncertainty of the 

network topology, the connection between nodes and 

the path formation change with time and space. There 

are many challenges to the performance analysis and 

optimization design of the CFSN [5-6]. In this paper, 

based on the dynamic connection of cluster flying 

spacecraft nodes in the early stage [7], the dynamic 

connection of cluster flying spacecraft network based 

on probability connection matrix and the spatial-

temporal evolution characteristics of the path are 

studied, in order to further explore the network 

performance of cluster flying spacecraft. 

In fact, for many years, the dynamic connection and 

path of wireless mobile communication networks, 

including ad hoc and P2P, have always been research 

hotspots, and geometric and random graph theory 

methods are widely used. For example, Wu establishes 

a linear node movement model and uses geometric aids 

to study the dynamic connection and path evolution 

characteristics of nodes in VANET networks under 

transmission delay constraints [8]. Brook et al. studied 

the dynamic connection and path evolution characteristics 

of self-organizing wireless sensor networks by 

establishing a Bernoulli probability model with node 

connections and using random graph theory [9]. 

Padmavathy et al. compared the complexity of dynamic 

node connection reliability calculation with mobile 

model and no-movement model for mobile Ad hoc 

networks [10]. Recently, Mao used random graph 

theory and probability connection matrix to study the 

network connection characteristics through the analysis 
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of matrix eigenvalues [11]. 

It should be noted that the above studies are closely 

related to the distance distribution between nodes. In 

fact, including signal-to-interference ratio (SIR), node 

degree, outage probability, link capacity, etc. are also 

related to the distance distribution between nodes [12-

16]. Therefore, the distance distribution between nodes 

is also a research hotspot. For example, Jone PM uses a 

stochastic geometric method to give the approximate 

link distance distribution of the random node moving 

model, but in some cases the distribution has no closed 

solution [17]; and KB Baltzis et al. A method for 

calculating the distance distribution function from node 

to node is proposed. The proposed method is suitable 

for overlapping and non-overlapping mobile networks 

[18]. The idea of using measure in integral geometry 

[19], Tong Fei et al. a cellular network of a single sub-

area, and gives the results of the distance between 

some nodes [20]; subsequently, they proposed a 

systematic, arithmetic method to obtain the distance 

distribution between random nodes of an arbitrary 

shape wireless network, and obtained The distance 

distribution function between nodes is usually an 

implicit [21]. To calculate the distance distribution 

between nodes, we usually need to know the network 

shape and the node distribution information. In order to 

simplify system analysis and reduce computational 

complexity, square [22] or circular-shaped [23] 

networks are usually assumed. One of the main 

disadvantages of the circle is that it can’t describe the 

statistical information of the distance between nodes in 

a closed form. Therefore, it is still a complicated 

problem to solve the closed distance distribution 

between nodes. 

Compared with the previous studies, the dynamic 

connection and path formation of the CFSN is more 

complicated. In addition to considering the connection 

and path between nodes at a certain moment, the 

satellite node has the function of storage and 

forwarding, and also considers the connection and path 

between nodes at different times, that is, the dynamic 

connection of the node and the space-time evolution of 

the path. This study provides a theoretical support for 

spacecraft cluster flight including on orbit deployment 

[24]. 

The contributions of this paper can be summarized 

as follows: 

1. Based on the spacecraft double-star companion 

mode, this paper establishes the cluster flight 

spacecraft node movement model and uses the 

empirical statistical analysis method to study the 

distance distribution between the nodes of the 

spacecraft and the probability connection matrix of the 

nodes. 

2. By defining the sequential path, study the 

dynamic connection between network nodes and the 

spatial-temporal evolution characteristics of paths. 

The rest of this paper organized as follows. In 

Section 2, First, the earth-centered inertial (ECI) 

coordinate system is introduced. Then the dynamic 

topology evolution graph of cluster flying spacecraft 

network and the sequential path of cluster flying 

spacecraft network are defined. Finally, the nodal 

mobility model is established, and the probability 

connectivity matrix between nodes is defined. Section 

3 describes the calculation method of the connection 

threshold between nodes. Section 4 describes the 

spatial-temporal evolution graphs between nodes 

between nodes based on the probability connectivity 

matrix. Section 5 concludes the paper. 

2 System Model 

2.1 Earth-Centered Inertial 

The orbits of cluster flight spacecrafts can be 

described using the ECI coordinate system. Earth-

centered inertial (ECI) coordinate system is defined in 

the following standard manner: the fundamental plane 

is the equatorial plane, the x axis towards the vernal 

equinox, the z axis points towards the geographic north 

pole, and y z x= × , as shown in Figure 1. 
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Figure 1. The schematic of the orbital elements in ECI 

coordinate 

The vector α of classical orbital elements in ECI 

coordinate, which describes natural orbits of a cluster 

flight spacecraft, is defined as: 

 [ , , , , , ] ^
Ta e fα β ω Ω�   (1) 

Where α is the semi-major axis, e is the eccentricity, 

βis the inclination, ωis the argument of perigee, f is the 

true anomaly, and Ωis the right ascension of ascending 

node (RAAN). 

If the vector [ , , ]
T

r x y z=  denotes the position of 

any satellite in CFSN in ECI coordinate, /v dr dt=  is 

the velocity, 2 2
x yη = +  is equatorial projection of 
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position vector, as well as the maximal and minimal 

equatorial projections of the position vector of satellite 

at time t, given by 
max

max ( )
t

tη η  and 
min

min ( )
t

tη η , 

where 2 2( ) ( ) ( )t x t y tη = + . 

2.2 Cluster Flight Spacecraft Network 

Topology Evolution Graphs and 

Sequential Path 

In a CFSN consisting of N nodes, V denotes the 

nodes set, and 
1 2

{ , , , }
N

V v v v� … . 

For the sake of analysis, taking frequency division 

multiple access (FDMA) with subcarrier binary phase 

shift keying (BPSK) modulation as an example, we 

establish the link constraints between nodes in CFSN. 

The system is supposed to be noise limited also. 

Generally, given a certain time slot ( 1, 2, 3 }
k
kδ = � , 

let vector ( )
i
r k  and ( )

j
r k  denote positions of nodes 

i
v  

and 
j

v , if the cluster spacecraft network node 

( 1, 2, ..., }
i
v i N=  whose position vector is ( )

i
r k  and 

transmit power P transmits data to the node 

( 1, 2, ..., }
j

v i N=  whose position vector is ( )
j
r k , the 

other nodes also use the same power P to the node 
j

v . 

When the data is transmitted and the signal-to-

interference ratio at the node satisfies Equation (2), the 

node is considered to successfully receive the data sent 

by the node: 

( ) ( )( )
( ) ( )( ) ( )BPSK,

SIR
i j

w j w jw i j

Pl k k

Pl k k S f f
≠

−

= ≥ Γ

− −∑

r r

r r

 (2) 

where (| |)BPSK w jS f f−  is approximately: 

 ( )
( )

BPSK 2

1

2

w j

f w j

S f f
T f f

− ≈

π −

 (3) 

Γ  is threshold value of SIR, ( )
i j

l r r−  is path loss 

factor with respect to channel, (| |)BPSK w jS f f−  is 

power spectrum in BPSK modulation, fT  is the 

symbol duration, 
i
f  is subcarrier frequency of node j. 

The Equation (2) shows that the construction of 

network topology depends entirely on the path loss 

factor ( )
i j

l r r− , if P and Γ  are known. When the value 

of SIR between nodes 
i
v  and 

j
v  is greater than Γ , 

there exists a link between them, i.e. an edge of the 

topological graph. So, the value of SIR directly affects 

the construction of network topology. 

Considering 2(( ( ) ( ))) | ( ) ( ) |
i j i j

l r k r k r k r k
−

− = −  in 

free space, we can rewrite (3) as following: 

 
( ) ( )

( ) ( ) ( )

2

2

BPSK,

SIR
i j

w j w jw i j

k k

k k S f f

−

−

≠

−

=

− −∑

r r

r r

 (4) 

Let (| |)BPSK w jS f f− , the distance between the nodes 

i
v  and 

j
v , | ( ) ( ) |

i j
r k r k d− = , if d satisfies the following: 

 
( ) ( )

2

2

,

1

w jw i j

d

S k k
−

≠

≤

Γ −∑ r r

 (5) 

There exists an edge between nodes 
i
v  and 

j
v . In 

conclusion, the connection problem of the model is 

transformed into the problem of nodal distance 

distribution. 

For the CFSN, the topological graph is denoted by 

( , )G V E , where 
1 2

{ , , , }
N

V v v v� …  denotes the nodes 

set and E denotes the edge set. The graph is obtained 

by connecting each node in the network using a node 

and converse. 

Based on the theory of orbital dynamics, the orbital 

hyper-period can be divided into 
0 1 2
, , , ,

T
T T T T…  times 

for cluster flight spacecrafts [25], so there are T time 

slots in an orbital hyper-period. The orbital hyper-

period is 
0

( )
T

C T T= −  [26]. If the topology is 

supposed to remain static in time slot 
1

[ , ]
k k k

T Tδ
−

=  

( 1, 2, , )k T= … , we can define the evolving graph of 

dynamic topology graph for CFSN as follows: 

Definition 1. If the orbital hyper-period can be 

divided into 
0 0 2
, , , ,

T
T T T T…  times for CFSN, there are 

T time slots. If the edge set is 
k

E  at each time slot 

1
[ , ]

k k k
T Tδ

−

= , the evolving graph of dynamic topology 

for CFSN in the orbital hyper-period is defined as: 

 ( )
1

V,E V, E

T

k

k

G

=

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

∪ .  

According to the definition 1, the topological graph 

of the k thk th− −  time slot 
k

δ  is denoted by 

( , )
k

G V E . 

Since the satellite has the function of storage and 

forwarding, according to the definition 1, if the start 

node sequential pair, that is, the node sequence pair at 

time slot 
1
δ  is ( (1), (1))

i i
v v , and the sequential pairs at 

time slot 
k

δ  and time slot 
1k

δ
+

 are ( ( ), ( ))
m n
v k v k  and 

( ( 1), ( 1))
m n
v k v k+ +  ( )i m n≠ ≠  respectively. The 

sequential path of CFSN can be defined: 

Definition 2. For a CFSN, a sequential path is a time 

series of paths in a topological graph, which can be 

expressed as: 

 
( (1), (1)), ( (2), (2)) , ( (1), (1)),

( ( 1), ( 1)),

i i i i m n

n j

v v v v v v

v k v k

<

+ + >

�

�

.  

In continuous time, data is transmitted from node 
i
v  
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to 
j

v  through a sequential path as shown in Figure 2. 

As can be seen from Figure 2, the node 
i
v  stores data 

in the first time slot, and the node 
i
v  transmits data to 

the node 
i
v  in the second time slot, ... and in the k time 

slot, the node 
m
v  sends the information to the node 

n
v , 

and finally in the 1k +  time slot, the node 
n
v  sends 

information to the node 
j

v . 

vi

……

vl

T1 Tk Tk+1T2
……

vj

vn

space

timeδ1T0 Tk-1

vmvi

……

……

 

Figure 2. The sequential path 

2.3 Nodal Mobility Model and Probabilistic 

Connectivity Matrix 

The nodal mobility model describes all the possible 

distribution area among nodes that enable resource 

exchange. To accomplish cluster flight model within 

bounded distance, for the sake of analysis, we adopt 

twin-satellites mode to research the mobility model of 

network nodes. So, we considered that the node 

position is uniformly distributed on circle within 

( ) / 4M m−  radius in Figure 3. M is the upper bound of 

nodal distance in cluster flight, m is the lower bound. 

M

m

Node A Node B

 

Figure 3. Distribution area of node positions 

So the mobility model ( )M t  for CFSN can be 

defined as: 

Definition 3. In ECI coordinates, if the position sets of 

N nodes in CFSN is 
1 2

(0) { (0), (0), ..., (0)}
N

R r r r=  at initial 

time 
0
,T  the position set is 

1 2
( ) { ( ), ( ), ..., ( )}

N
R k r k r k r k= , 

and the positions are uniformly distributed within 

sphere 
1

( (0), ),B r a  ( 1, 2, ..., )i N=  at time 
k
T , where 

1
(0)r  and ( ) / 4a M m= −  are center and radius of the 

sphere respectively. Moreover, positions among all 

nodes are mutually independent and independent of all 

previous locations. 

Based on topological graph and the definition of 

sequential path, in order to better study the connection 

of nodes, it is necessary to further study the probability 

connection characteristics between nodes of CFSN. 

First, the definition of the probabilistic connectivity 

matrix is given. 

Definition 4. For a given CFSN, in each time slot of 

its orbital hyper-period, its probability connection 

matrix denoted by Q is a N N×  matrix. 
ij
q  is the 

( , )i j  element of Q, 
ij ij
q q= . 

ij
q  is the probability that 

nodes 
i
v  and 

j
v  are successfully connected. The 

diagonal entries are all equal to 1.  

In definition 4, since the satellite node has the 

function of storage and forwarding, the diagonal 

element is 1. 

If the topology is supposed to remain static in time 

slot 
1

[ , ]
k k k

T Tδ
−

= , the probabilistic connectivity 

matrix can be denoted by 
k

Q  at time slot 
k

σ . Then we 

define the probabilistic connectivity matrix of dynamic 

topology for CFSN in the following way: 

Definition 5. If the orbital hyper-period can be 

divided into 
0 1 2
, , , ,

T
T T T T…  times for CFSN, there are 

T time slots. The probabilistic connectivity matrix of 

dynamic topology for CFSN in an orbital hyper-period is 

 ( ) 1

1

1,
T

T k

k

T

=

= =∪�∪ ∪Q Q Q Q   

Where (1, )TQ  is the probabilistic connectivity 

matrix in an orbital hyper-period with T time slots. 

3 The Nodal Distance Distribution 

3.1 Problem Description 

According to the nodal mobility model in Section 

2.2, we establish the two-dimensional cartesian 

coordinate system. Let’s assume two nodes A and B 

are randomly located. In this case, the coordinates of the 

nodes are 
1 1 1 1

( cos , sin )r rϕ ϕ and 
2 2 2 2

( cos , sin )D r rϕ ϕ+  

with 
1,2

[0, ]r R∈  and 
1,2

[0, 2 ]ϕ π∈ , D with the value 

( ) / 2M m+   is the distance between the centers of the 

two-dimensional model, see Figure 4. 

dAB

x

y

R R

r1
A

B
r2

φ1 φ2

D

 

Figure 4. The two-dimensional cartesian coordinate 

system of nodal distribution 

1,2
r  and 

1,2
ϕ  denote 

1
r , 

2
r , 

1
φ  and 

2
φ , respectively. 

1
r  and 

2
r  respectively represent the node-to-center 

distances in the respective distribution regions, and the 

1
φ  and 

2
φ  respectively represent the angles with the x-

axis as the starting edge and 
1
r  and 

2
r  as the final 

edges. Therefore, the probability density functions of 
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the random variables 
1
r , 

2
r , 

1
φ  and 

2
φ  are expressed as 

 ( )
1,2

1,2

1,22

1,2

2
, 0

0,

r

r
r R

f r R

else

⎧
≤ ≤⎪

= ⎨
⎪
⎩

 (6) 

 ( ) ( )
1,2 1,2

0,2
φ
f φ U= π   (7) 

Where (0, 2 )U π  represents a uniform distribution 

over the range [0, 2 )π . According to the established 

cartesian coordinate system, the distance 
AB

d  between 

the two nodes is a random variable calculated from 

 ( )( ) ( )
2 2

1 1 2 2 1 1 2 2
cos cos sin sin

AB
d r D r r r= − + + −ϕ ϕ ϕ ϕ (8) 

Despite the simplicity of above equation, the 

derivation of the distance density cannot be given in 

closed-form in non-overlapping circular-shaped 

networks. 

3.2 Empirical Probability Density Function of 

Distance Between Nodes 

According to the foregoing, we suggest an approach 

that is based on curve fitting, i.e. we approximate the 

distance density with polynomial. 

Step 1: According to the model proposed in Section 

3.1, ( ) / 2D M m= +  is normalized, so that the 

empirical probability density function of the distance 

between nodes can be constructed as: 

 ( ) 0

, /D /
ˆ

0,

c

i

i

ih

p h m h M D
f h

else

=

⎧
≤ ≤⎪

≈ ⎨
⎪
⎩

∑
 (9) 

Where 
i
p  is the polynomial coefficient, c is 

polynomial order, and h is the distance uniformly 

distributed between any two nodes in the bounded 

range. 

Step 2: Determine the number of samples. 

According to the relationship between the number of 

samples and the convergence and error [27-28], we 

assume that the error is greater than 
3

10
−

, that is, the 

probability of 
3

10ε
−

=  is 
6

10
−

, and the corresponding 

number of samples is at least 
6

3 10
−

× . 

Step 3: Determine the polynomial order. The 

polynomial order affects the residual. After analysis, it 

is determined that the eighth-order polynomial 

approximation is used. 

Step 4: Determine the polynomial coefficient 
i
p . 

Under the MATLAB environment, according to the 

node movement model shown in Figure 3, when, 

2.5kmm =  and 90.1M km= , the random number is 

generated, that is, the possible spatial positions of the 

nodes. The distance between nodes is calculated by 

Equation (8). The experimental simulation parameters 
* *( , ) (0.473, 0.473)R R = . * *( , )R R  represents the 

radius of the node distribution area in the two-

dimensional model, and *

R  is normalized by D. 

According to the definition of empirical cumulative 

distribution function in [27] and the minimum mean 

square error rule, the polynomial coefficients of the 

empirical probability density function are listed in 

Table 1. The approximate probability density function 

and the empirical cumulative distribution function of 

the distance between the nodes in the cluster flying 

spacecraft network are obtained and shown in Figure 5. 

Table 1. Coefficients of the fitting polynomials 

i
p  Value 

0
p  0.0034 

1
p  -0.0764 

2
p  0.5919 

3
p  -2.1499 

4
p  4.1737 

5
p  -4.3913 

6
p  2.5135 

7
p  -0.7380 

8
p  0.0872 

 

Simulation results and curve fitting diagram
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The empirical cumulative distribution function graph
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Figure 5. The diagrams of distance distribution 

function 
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Thus, the approximate probability density function 

ˆ ( )
h
f h  of the distance h between nodes is obtained. 

3.3 Calculation of Nodal Connective Distance 

Threshold 

Under the constraints of CFSN, the threshold of 

connection between nodes is calculated. The relevant 

parameters are set as shown in Table 2. 

Table 2. Parameters setting 

Parameter Value 

Γ  12dB 

P 0.15w 

N 5 

1
f  5kHz 

2
f  10kHz 

3
f  15kHz 

4
f  20kHz 

5
f  25kHz 

m 2.5km 

M 90.1km 

S 
21/(5 )π  

 

In a noise-limited system environment, from 

Equation (5), we can get the distance threshold of any 

two nodes 
i
v  and j

v  connected successfully: 

 

2

2

,

1

t

w jw i j

t

d

S

m d M

−

≠

⎧
=⎪
Γ −⎨

⎪
≤ ≤⎩

∑ r r  (10) 

That is, if | | ,
i j t
r r d− ≤  nodes 

i
v  and j

v  are 

connected to each other. 

For ease of calculation, the distance thresholds for 

the minimum and maximum interference cases are 

considered separately. 

Case 1: When the connected nodes are subjected to 

the least interference, that is, | |
w j
r r M− = . According 

to (10), the threshold range of node connection is 

2.5km 90.1km
M

d≤ ≤ . 

Case 2: When the connected nodes are subjected to 

the greatest interference, that is, | |
w j
r r m− = . 

According to (10), the threshold range of node 

connection is 2.5km 6.5km
M

d≤ ≤ . 

4 Spatial-temporal Evolution Characteristics 

of the Connectivity Matrix 

4.1 The Characteristics of Probabilistic 

Connectivity Matrix 

Definition 5 of Section 2.3 indicates that the state of 

nodes connection can be represented by a probabilistic 

connectivity matrix at any time slot. 

According to Equation (5), since there may be 

multiple paths between node pairs 
i
v  and j

v  or some 

of the path may share common edges, the calculation 

of 
k

Q  is not simple. Under the condition that there is 

an edge between the pair nodes 
i
v  and j

v , the 

conditional probability can be used to calculate the 

connectivity probability of the pair nodes with distance 

ij
d . Considering different threshold ranges, the 

probability can be expressed as: 

 { }Pr
ij ij M m
q d d d d or d= = ∈   (11) 

Where 
M

d  and 
m

d  represent the thresholds of nodes 

connective distances under the minimum and 

maximum interference respectively. 

Using the orbital data of CFSN consisting of five 

satellites in [6], each orbital hyper-period is 

approximately 6464 seconds, and each time slot 

( 1, 2, ...,108)
k
kδ =  has a width of 60 seconds, and 

0
0T s= . 

The probability of connection between nodes under 

connection threshold can be calculated by the 

definition of the probabilistic connectivity matrix and 

Equation (11).  

Therefore, the probabilistic connectivity matrix 
k

Q  

of nodes at any time slot can be obtained, and 
k

Q  is a 

square matrix of 5 5× . According to the previous 

analysis, under the condition of the threshold 

90km
M

d = , the probabilistic connectivity matrix 
1

Q  

of the first time slot 
1

δ  is given as follows: 

 
1

1 0 0.0004 0.0142 0.0138

0 1 0.0004 0.0127 0.0146

0.0004 0.0004 1 0.007 0.0114

0.0142 0.0127 0.007 1 0.0001

0.0138 0.0146 0.0114 0.0001 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Q .  

We have illustrated how to construct probabilistic 

connectivity matrix for CFSN at any time slot. We now 

discuss the likelihood of connections of multi-hops 

between nodes. To do so, the following theorem is 

given: 

Theorem 1. The probability a path of two hops exists 

between nodes 
i
v  and 

j
v  in two different consecutive 

time slots is: 

 ( )( )( )
,

1 1 , ,
l i j

i l l j
≠

− −∏  (12) 

where, ( , )i l  and ( , )i j  are elements corresponding to 

the probabilistic connectivity matrix in two 

consecutive time slots, ( , )i l  is an element of the 
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previous time slot, and ( , )i j  is the latter time slot. 

Proof. Each element ( , )i j  of the probabilistic 

connectivity matrix Q is the probability the nodes 
i
v  

and 
j

v  connects successfully. 

In two consecutive time slots, since self-loops are 

not considered, a path of length two between nodes 
i
v  

and 
j

v  must pass through an intermediate node 

( , )
i
v l i j≠  and can be expressed as ( ( ), ( )),

i i
v k v k<  

( ( 1), ( 1)), ( ( 2), ( 2))i l l jv k v k v k v k+ + + + > . 

The value of two hops between nodes 
i
v  and 

j
v  in 

two consecutive time slots is the probability of the 

union of a set of events defined by the likelihood of 

paths through all intermediate nodes. 

Generally, for s independent events in the 

probability space, according to inclusion-exclusion 

principle, the probability of s independent events 

1
, ...

s
A A  is:  

 ( ) ( )
{ }

1

i I

I 1, ,1i 1

I

Pr 1 Pr

s s
k

sk

k

−

⊂==

=

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑ ∑A A

…

∪   (13) 

Equation (13) shows that as the number of events 

increases the number of factors involved also increases, 

making this calculation awkward for large number of 

events. 

Equation (11) is equivalent to 

 ( ) ( )( )
,

1 1 1il lj

l i j

q k q k
≠

− − +∏   (14) 

Equation (14) computes the complement of the 

intersection of all the complements of the elementary 

event, which is logically equivalent to the sum of a set 

of events. 

Compared Equation (13) with Equation (14), 

Equation (14) is more efficient to compute. 

Since the matrix elements represent the connection 

probability between nodes, Equation (12) is the 

probability a path of two hops exists between nodes 
i
v  

and 
j

v  in two different consecutive time slots. QED.  

In order to express the probability of multi-hops 

connection between nodes of CFSN in continuous time 

slots more intuitively, a new definition of matrix 

multiplication is introduced: 

Definition 6. Since the probabilistic connectivity 

matrix is a square matrix, the product of the specified 

matrix 
k

Q  and 
1k+

Q  is a new matrix ( )
ij
h=H , where 

 ( ) ( )( ) ( )
,

1 1 1ij il lj

l i j

h q k q k i j
≠

= − − + ≠∏  (15) 

where ( )
il
q k  and ( 1)

ij
q k +  are the elements of 

matrixes 
k

Q  and 
1k+

Q  respectively. 

In definition 6, the probability that a walk of length 

two exists between any two nodes is the product of two 

matrixes at consecutive time slots. Here, after  hops 

between nodes in consecutive time slots, the 

probabilistic connectivity matrix is denoted as 

1 1

L

k k k L+ + −
= �H Q Q Q . 

For example, for CFSN, the probabilistic 

connectivity matrixes of five nodes in the second and 

third time slots are expressed as follows: 

 
2

1 0 0.0005 0.0148 0.0126

0 1 0.0004 0.0136 0.0137

0.0005 0.0004 1 0.0075 0.0122

0.0148 0.0136 0.0075 1 0.0001

0.0126 0.0137 0.0122 0.0001 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Q ,  

 
3

1 0 0.0006 0.0149 0.0115

0 1 0.0005 0.0143 0.0126

0.0006 0.0005 1 0.0078 0.0126

0.0149 0.0143 0.0078 1 0.0002

0.0115 0.0126 0.0126 0.0002 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Q ,  

The element 
ij
q  in the matrix Q represents the 

connectivity probability between nodes 
i
v  and 

j
v  in 

the second time slot. It is important to note that 0
ij
q = , 

indicating that in the second time slot, nodes 
i
v  and 

j
v  

are not connected. Similarly, in the third time slot, 

nodes 
i
v  and 

j
v  are also not connected. 

Then, after these two time slots, the probabilistic 

connectivity matrix after two hops is 

 

2

2 3

1 0.0004 0.0003 0 0

0.0004 1 0.0003 0 0

0.0003 0.0003 1 0 0

0 0 0 1 0.0004

0 0 0 0.0004 1

= ×

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

H Q Q

.  

The element 
ij
h  in the matrix 2

H  represents the 

connectivity probability of between nodes 
i
v  and 

j
v  

through two hops. It can be seen that after two hops, 

nodes 
i
v  and 

j
v  can establish a connection through all 

possible sequential paths 

 
1 1 1 3 3 2

1 1 1 4 4 2

( (1), (1)), ( (2), (2)), ( (3), (3)) ,

( (1), (1)), ( (2), (2)), ( (3), (3)) ,

v v v v v v

v v v v v v

< >

< >

 

or 

 
1 1 1 5 5 2

( (1), (1)), ( (2), (2)), ( (3), (3)) .v v v v v v< >  
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4.2 Spatial-temporal Evolution Graphs Between 

Nodes 

Taking different thresholds range into consideration, 

the topology evolution diagram of CFSN is described 

as follows: 

(1) When the distance between interference nodes is 

the largest, the threshold of the connective distance 

between nodes is 90km
M

d = . Figure 6 shows the 

spatial-temporal evolution of the two orbital hyper-

period of the CFSN using star plot [29], which reflects 

the change of the connection probability between the 

nodes. Where (a) shows the change of node 1 

connected with other four nodes in 11 time slots of the 

first hyper-period, and (b) shows the change of the 

second hyper-period.  
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(a) The change of connection probability between 

nodes in the first hyper-period 
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(b) The change of connection probability between 

nodes in the second hyper-period 

Figure 6. Spatial-temporal evolution diagram in CFSN 

with 90km
M

d =  

(2) When the distance between interference nodes is 

the smallest, the threshold of connective distance 

between nodes is 6.5km
M

d = . Because some distance 

can not satisfy the threshold, the nodes are not 

connected, i.e. there is no edge between nodes. In this 

case, Figure 7 shows the spatial-temporal evolution of 

the two orbital hyper-period of the CFSN. Where (a) 

shows the change of node 1 connected with other four 

nodes in 11 time slots of the first hyper-period, and (b) 

shows the change of the second hyper-period. 
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(a) The change of connection probability between 

nodes in the first hyper-period 
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(b) The change of connection probability between 

nodes in the second hyper-period 

Figure 7. Spatial-temporal evolution diagram in CFSN 

with 6.5km
M

d =  

Figure 6 and Figure 7 describe the evolution of the 

connection and location of nodes over time. The 

connectivity and its probability between two nodes are 

determined by nodal distance. It is observed that the 

probability of connection between nodes has a small 

change in different time slots of any hyper-period, and 

the nodal distance changes, as shown in Figure 6(a) or 

Figure 6(b) and Figure 7(a) or Figure 7(b). Compared 

(a) with (b) in Figure 6 or Figure 7, the probability of 

connection between nodes also has a slight change in 

corresponding time slots of different hyper-periods. 

Due to the influence of the stochastic of node 

movement, there is a slight difference. Compared 

Figure 6 with Figure 7, it is shown that different 

thresholds greatly affect the connection between nodes. 

When the connective nodes are the most disturbed, the 

probability is small. And when the connective nodes 

are the least disturbed, the probability is large. 

5 Conclusion 

Due to the high-speed flight of the cluster flight 

spacecraft module, the uncertainty of the network 

topology, the connection between nodes and the path 

formation change with time and space. Therefore, 

based on twin-satellites mode and empirical statistical 

method, we establish the mobility model of nodes and 

study the nodal distance distribution and the 

probabilistic connectivity matrix for CFSN. We also 

study the characteristics of dynamic connection and 

path spatial-temporal evolution through the definition 

of sequential path. The following conclusions are 

obtained: 
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(1) Using the empirical statistics method, the 

distance probability density function of the CFSN is 

helpful to the orbit design and analysis. 

(2) Through the definition of sequential path, the 

connection probability between nodes under the 

minimum and maximum interference cases and the 

multi-hops probabilistic connectivity matrix of nodes 

are studied. The results are beneficial to optimize and 

design the network performance of the CFSN. 

(3) The results of the topology evolution graphs 

show that the connection probability between nodes is 

almost periodical, which is helpful to study the orbit 

control of the cluster spacecraft. 
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