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Abstract

A multiprocessor system and an interconnection
network have a underlying topology, which usually
presented by a graph G . In 2016, Zhang et al. proposed
the g -extra diagnosability of G, which restrains that

every component of G—S has at least (g +1) vertices.
As an important variant of the hypercube, the » -
dimensional crossed cube CQ, has many good properties.
In this paper, we prove that CQ, is tightly (4n-9)
super 3-extra connected for n>7 and the 3-extra
diagnosability of CQ, is 4n—6 under the PMC model

(n>5) and MM~ model (n>7).
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1 Introduction

A multiprocessor system and an interconnection
network (networks for short) have a underlying
topology, which usually presented by a graph, where
nodes represent processors and links represent
communication links between processors. Some
processors may be faulty when the system is in
operation. The first step to deal with faults is to
identify the faulty processors from the fault-free ones.
The identification process is called the diagnosis of the
system. A system G is said to be 7 -diagnosable if all
faulty processors can be identified without replacement,
provided that the number of faults presented does not
exceed ¢. The diagnosability #(G) of G is the

maximum value of 7 such that G is 7-diagnosable.

In order to discuss the connectivity and diagnosability
in different situations, people put forward the restricted
connectivity and diagnosability in the system. In 1996,
Fabrega and Fiol [1] introduced the g -extra

connectivity of a system G =(V(G),E(G)), which is
denoted by £¢(G). A vertex subset ScV(G) is
called a g -extra vertex cut if G—S is disconnected
and every component of G—S has at least (g+1)

vertices. £¢)(G) is defined as the cardinality of a

minimum g -extra vertex cut. For the hypercube Q,,

Yang et al. [2] determined 7%(3)(Qn) =4n-9 for n>4.
For the folded hypercubes FQ,, Chang et al. [3]

determined &% (FQ,)=4n-5 for n>6. Gu et al.
studied the 3-extra connectivity of 3-ary n-cubes [4]
and k -ary n-cubes [5]. For the star graph S, and the

bubble-sort graph B,, Li et al. [6] determined 1?(3)(Sn)

=4n—-10 for n>4, #7(B)= 4n-12 for n>6.

Chang et al. [7] determined the » -dimensional

hypercube-like networks 3-extra connectivity, &’ (HL,)

=4n-9 for n>6, and so on.
In 2016, Zhang et al. [8] proposed the g -extra

diagnosability of a system, which restrains that every
fault-free component has at least (g+1) fault-free

vertices. They studied that the g -extra diagnosability

of the n-dimensional hypercube under the PMC model
and MM* model. In 2016, Wang et al. [9] studied the
2 -extra diagnosability of the bubble-sort star graph
BS, under the PMC model and MM* model. In 2017,

Wang and Yang [10] studied the 2-good-neighbor (2-
extra) diagnosability of alternating group graph

networks under the PMC model and MM " model. In
2017, Ren and Wang [11], studied the tightly super 2-
extra connectivity and 2-extra diagnosability of locally
twisted cubes.

Now, there are many topologies on the networks and
systems. Hypercube as an important network model
has good properties such as lower diameter and node
degree, high connectivity, regular, symmetry, and so
on. Efe and Member proposed crossed cube [12] by
changing the links between some nodes of hypercubes,
which have superior properties over hypercubes. For
example, its diameter is about half of hypercube with
the same dimension, which makes that the
communication speed between any two nodes is
increased by almost a half.

Several models of diagnosis have been studied in
system level diagnosis. Among these models, the most
popular two models are the PMC and MM, which are
proposed by Preparata et al. [13] and Maeng et al. [14],
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respectively. Under the PMC model, only neighboring
processors are allowed to test each other. Under the
MM model, a node tests its two neighbors, and then
compares their responses. Sengupta and Dahbura [15]
suggested a special case of the MM model, namely the
MM* model, and each node must test its any pair of
adjacent nodes in the MM*,

In this paper, we proved that (1) CQ, is tightly
(4n—-9) super 3-extra connected for n>7; (2) the 3-
extra diagnosability of CQ, is 4n—6 under the PMC
model for n>35; (3) the 3-extra diagnosability of CQ,

1S 4n—6 under the MM* model for n>7 .
2 Preliminaries

2.1 Notations

A multiprocessor system is modeled as an
undirected simple graph G =(V,E), whose vertices

(nodes) represent processors and edges (links)
represent communication links. The degree d(v) of a

vertex v in G is the number of neighbors of v in
G For a vertex v, Nj(v) is the set of vertices

adjacent to v in G. Let ScV(G). N S)=u
ves Ng(W)\S and G[S] is the subgraph of G induced
by S. A cycle with length # is called an n-cycle. We
use P=wv,---v, to denote a path that begins with v,
and ends with v, . A path of the length » is denoted by

n-path. A bipartite graph is one whose vertex set can
be partitioned into two subsets X and Y, so that each
edge has one end in X and one end in Y ; such a
partition (X,Y) is called a bipartition of the graph. A

complete bipartite graph is a simple bipartite graph
with bipartition (X,Y) in which each vertex of X is
joined to each vertex of ¥V ; If | X|=m and |Y |=n,
such a graph is denoted by K, , The connectivity

x(G) of a connected graph G is the minimum number

of vertices whose removal results in a disconnected
graph or only one vertex left when G is complete. Let

F, and F, be two distinct subsets of V', and let the
symmetric difference FAF, = (F; \ F,) U(F, \ F).
For graph-theoretical terminology and notation not

defined here we follow [16].
A connected graph G is super g -extra connected if

every minimum g -extra cut F of G isolates one
connected subgraph of order g+1. In addition, if

G- F has two components, one of which is the
connected subgraph of order g +1, then G is tightly

| F'| super g -extra connected.

2.2 The Crossed Cube CQ,

Definition 2.1. ([17]) Let R={(00,00),(10,10),
(0L,11),(11,01)}. Two digit binary strings u = u,u, and
v =y, are pair related, denoted as u ~ v, if and only
if (u,v)eR.

Definition 2.2. ([17]) The vertex set of a crossed cube
CO, is {v, v, ., v,:0<i<n-1v,€{0,1}}. Two
vertices wu=u, u, ,---u, and v=v, v, _,--y, are
adjacent if and only if one of the following conditions

is satisfied.
1. There exists an integer / (1</<n—1) such that (1)

Uy Uy p Uy =V, Vyp Vs
(2) uy #vi s

(3)if I iseven, u, , =v, ,;

(4) uy; quy; ~ Vs Vs, » fOT OSi<L%J.

2.
(D) u, v, \2)if n iseven, u, ,=v, ,;

(3) Uyt ~ VyyyyVy; for 0<i< {HT“

Let n>2. We define two graphs CQ" and CQ' as
follows. If u=u, u, ,---u,eV(CQ, ), then u’=
Ou, yu, 5--u, eV(CQY)  and
eV(CQ)). If uve E(CQ, ), then u™V’ € E(CQY) and
u'v' e E(CQ)). Then CQ)=CQ, , and CQ. =CQ, ,.
Define the edges between the vertices of CQ,? and

1 _
u =lu, yu, 5---u,

CQ; according to the following rules.

The vertex u=0u, yu, 5---u, €V(CQ’) and the
vertex v=1v, ,v_.---v, €V (CQ') are adjacent if and
only if

l.u, ,=v,, if n is even;

2. (UpjUp;s Vo Ve ) ER, for 0<i< {nT_lJ

The graphs CQ,,CQO; and CQ, are depicted in
Figure 1. The edges between the vertices of CQ,? and
CQ} are said to be cross edges.

Proposition 2.1. ([17]) Let CQ, be the crossed cube.
Then all cross edges of CQ, is a perfect matching.

By Proposition 2.1, CQ, can be recursively defined

as follows.
Definition 2.3. ([17]) Define that CQ, =K, . For n>2,

CQ, is obtained by CQ’ and CQ' ., and a perfect

matching between the vertices of CQ° and CQ!
according to the following rules (see Figure 1).



00 10 000 010
100 110
111 101
0T 11 001 011
0000 0001000 1010
A1

0100 110 1100 110
0111 0101 1111 1101
0001 0011 1001 1011

Figure 1. CQ,,CQ, and CQ,

The vertex u=0u, u, ,---u, €V (CQ") and the vertex
v=1v, ,v, ;---v, €V(CQ}) are adjacent in CQ, if and
only if

l.u, ,=v,, if nis even;

-1
2. (Uy;ly; 5 Ve Vy;) €R, fOr 0<i< LHTJ .

3 The Connectivity of Crossed Cubes

Lemma 3.1. ([12]) Let CQ, be the crossed cube. Then
x(CQO,)=n for n>1.

Lemma 3.2. ([17]) Let CQ, be the crossed cube and
let FcV(CQ,) (n=3) with n<|F|[<2n-3. If
CQ, - F is disconnected, then CQ, —F has exactly

two components, one of which is an isolated vertex.
Lemma 3.3. ([17]) Let CQ, be the crossed cube and

let CQ, be the crossed cube and let F cV(CQ,)
(n=5) with 2n-2<|F|<3n-6. If CQ,-F is
disconnected, then CQ,—F satisfies one of the

following conditions:
(1) CQ, — F has two components, one of which is a

K,
(2) CQ, - F has two components, one of which is

an isolated vertex;
(3) CO, —F has three components, two of which

are isolated vertices.
Lemma 3.4. Let CQO, be the crossed cube and let

A=1{0---0000,0---0100,0---0110,0---0111}. If F=
Ngo (4) , then [F|=4n-9 and CQ,-(4UF) is
connected for n>4 .

Proof. By the definition of the crossed cube, CO,[A4]
is a 3-path. We proof this lemma by induction on 7. In
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CQ, (see Figure 1), 4={0000,0100,0110,0111} and
F ={0001,0010,0101,1000,1100,1110,1101}. It is easy
to see that |4|=4, |F|=7 and CQ,—(AUF) is
connected. We can decompose CQ, along dimension
n—1 into CQ" and CQ!. Then both CQ’ and CQ!
are isomorphic to CQ, ,. Let Fy=F NV (CQ") and
F =FNV(CQ). Then | Fy|+|F |= F|. We assume
that the lemma is true for n—1, 1.e., if F= NCQH (4),
then |F|l=4(n-1)-9=4n-13 and CQO, - (AUF)
is connected. Now we proof that the lemma is also true
for n (n>5). Note that 4eV(CQ"). By the inductive
hypothesis, we have | F, |=4n—13 and CQ’ —(AUF,)
is connected. By Proposition 2.1, |F |=4. Thus,
|F = Fy|+|F|=4n—-13+4=4n-9 . Now we prove
that CQ, — (4 U F) is connected for n>5.

By Lemma 3.1, x(CQ})=n—1>4=|F, | for n>6.
Thus, CQ! — F, is connected for n>6. We consider
that n=5. Note that 4 ={00000,00100,00110,00111} .
By Proposition 2.1, F; ={10000,11100,11110,11101} .

By the definition of the crossed cube, 11100 is adjacent
to 11110. Note that |F;|=4=5-1. By Lemma 3.2,

CQ! —F, is connected or has two components, one of
which is an isolated vertex. Suppose that CQ; - K is
disconnected. Let u be the isolated vertex in CQ: — F; .
Since d co! (u)=4=F|, u is connected to every
vertex of F{. So u is adjacent to 11100 and 11110.
Then we get that CQ;[{u,11100,11110}] is a triangle,
a contradiction. Thus, CQ: — F, is connected. So we
can conclude that CQ) —F, is connected for n>5 .
Note that CQ)—(AUF,) is
2" —(4n-9)>1
CO,IV(CQY ~ (AU Fy) UV (CQ, ~ F)]=CQ, ~(AUF)

is connected for n>5.0
Lemma 3.5. ([18]) Let CQO, be the crossed cube and

let FcV(CQs). If |F|=10, then CQ; —F satisfies

one of the following conditions:
(1) CQs — F 1is connected;

(2) COs — F has two components, one of which is a
K,;

(3) COs — F has two components, one of which is a
2-path;

(4) CQ; — F has two components, one of which is

connected. Since

(n>5), by Proposition 2.1,

an isolated vertex;
(5) COs—F has three components, two of which

are isolated vertices;
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(6) CO; —F has four components, three of which
are isolated vertices;
(7) CQs —F has three components, one of which is

an isolated vertex and the otheris a K, .
Lemma 3.6. Let CQ, be the crossed cube and let
FcV(CQ,) (n=5). If 3n-5<|F|<4n—-10, then
CQ, — F satisfies one of the following conditions:

(1) €O, - F is connected,

(2) CO, — F has two components, one of which is a
K,

(3) CO, — F has two components, one of which is a
2-path;

(4) CO, —F has two components, one of which is
an isolated vertex;

(5) CO, —F has three components, two of which

are isolated vertices;
(6) CQ, —F has four components, three of which

are isolated vertices;
(7) CO, - F has three components, one of which is

an isolated vertex and the otherisa K, .

Proof. We prove the lemma by induction on n. By
Lemma 3.5, the lemma is true for n=5. We assume
that the lemma is true for n-1, ie., if

3n—-8<|F|<4n—-14, then CQ, , —F satisfies one of

the conditions (1)-(7). Now we show that the lemma is
also true for n (n=6). We can decompose CQ, along

dimension n—1 into CQ’ and CQ!. Then both CQ’

and CQ! are isomorphic to CQ, ,. Let F,=F nV(CQ)

and F, =F NV (CQ)) with |F,|<|F,|. Let B, be the

maximum component of CQ!—F, (If CQ)-F, is

connected, then let B, =CQ! —F,) for i € {0,1} . Since
4n-10

3n-5<|F|<£4n—-10, we have 04 F) < =2n-5

3n-5

and nﬁ{ —‘S|F1 |<4n—-10 (n>6). We consider

the following cases.
Case l. n<|F |<2n-5.

Note that | F; [£2n—-5=2(n-1)-3 for i€{0,1} . By
Lemma 2.1, CQ!—F, is connected or has two
components, one of which is an isolated vertex. Since
2"'—(4n-10)-2>1 (n>6) , by Proposition 2.1,
CO,[V(B,)wV(B))] is connected. Thus, CQ, —F

satisfies one of the conditions (1)-(7).
Case 2. 2n—4<| F |<3n-9.

In this case, | F, [<4n—10-(2n-4)=2n-6<2n->5.
By Lemma 3.2, CQ’—F, is connected or has two
components, one of which is an isolated vertex. By

Lemma 3.3, CQ' —F, satisfies one of the following
conditions:

(a) CQ' — F, has two components, one of which is a
K,;

(b) CQ; — F| has two components, one of which is
an isolated vertex;

(c) CQ! — F, has three components, two of which
are isolated vertices.

Since 2" —(4n—10)-3>1 (n>6), by Proposition
2.1, CO,[V(B,)wV(B,)] is connected. Thus, CO, — F
satisfies one of the conditions (1)-(7).

Case 3. 3n—8<|F, |<4n—14.

By the inductive hypothesis, CQ' — F, satisfies one
of the conditions (1)-(7). In this case,
| Fy|<4n—-10-3n—-8)=n-2 By Lemma 3.1,
CQ’ —F, is connected. Since 2" —(4n—-10)-3>1
(n=6) , by Proposition 2.1, CQ,[V(B,) UV (B))] is
co,-F one of the

connected. Thus, satisfies

conditions (1)-(7).

Case 4. 4n—13<| F, |<4n—-10.

In this case, | Fy [<4n—10—(4n—13)=3. By Lemma
3.1, CQ° — F, is connected. Suppose that CQ! — F, is
connected. Since 2" —(4n—10)>1 (n>6), by Proposition
2.1, CQ,IV(CQ, - F)UV(CO,-R)|=CQ,~F s
connected. Then we suppose that CQi —-F s
disconnected. Let the components of CQ! — F, be C,,
C,, ..., C, (k=2). Note that |F,|<3 . If every
component C, of CQ! —F, such that |V(C,))[>4 for
ie{l,....k}, then CQ,[V(CQ —F)UV(C)u---UV(C,)]
=CQ,—F is connected. Suppose that there is a
components C; such that |V(C,)|<3 for ie{l,... .k} .
If Neo V(CHNV(CQ)CSF,, then C, is a
component of CQ,—F with |V(C,)|<3. Combining
| F,|<3, we get that CQ, —F satisfies one of the
conditions (1)-(7).

Theorem 3.1. ([19]) Let CQO, be the crossed cube.
Then £ (CQ,)=4n-9 for n>5.

Lemma 3.7. ([18]) Let F cV(CQ,). If | F|=6, then
CQ, — F satisfies one of the following conditions:

(1) CQ, —F is connected,

(2) CQ, — F has two components, one of which is a
K

(3) CQ, — F has two components, one of which is

an isolated vertex;
(4) CQ, —F has three components, two of which



are isolated vertices;
(5) CQ, - F has two components, which are two

components of order 5.
Theorem 3.2. Let CQ, be the crossed cube. Then the

3-extra connectivity of CQ, is not 7.

Proof. Let /' be the minimum 3-extra cut of CQ,. If
| FF|=6, by Lemma 3.7, then CQ, — F satisfies one of
the conditions (1)-(5) in Lemma 3.7. If CQ,-F
satisfies the condition (5), then F is a 3-extra cut. By
the definition of 3-extra connectivity, 15(3)(CQ4)
<| F |=6. Thus, the 3-extra connectivity of CQ, is not

7.
We give an example such that the 3-extra
connectivity of CQ, is not 7. In CQ, (see Figure 1), let

F={0100,0111,0011,1000,1110,1011}. Then CQ, - F
has two components 4 and B, where V' (A4)={0001,
0000,0010,0110,1010} and V(B)={0101,1111,1001,
1101,1100} .

It is easy to see that | F'|=6 and |V (A)|= V(B)|=5.

Thus, F is a 3-extra cut of CQ,. By the definition
of 3-extra connectivity, /%(3)(CQ4) {F|=6. In other
words, the 3-extra connectivity of CQ, is not 7.
Lemma 3.8. ([18])) Let FcV(CQ,) (n=6). If
3n-4<|F|<4n-9, then CQ, - F satisfies one of the
following conditions:

(1) CQ, - F is connected;

(2) CO, - F has two components, one of which is a
K,;

(3) CQ, — F has two components, one of which is a
Kiss

(4) CO, — F has two components, one of which is a
2-path;

(5) CO, — F has two components, one of which is a
3-path;

(6) CO, - F has two components, one of which is

an isolated vertex;
(7) CO,—F has three components, two of which

are isolated vertices;
(8) CQ, —F has four components, three of which

are isolated vertices;
(9) CO, — F has three components, one of which is

an isolated vertex and the otheris a K, ;
(10) CQ, - F has three components, one of which

is an isolated vertex and the other is a 2-path.
Theorem 3.3. For n>7 , the crossed cube CQ, is

tightly (4n—9) super 3-extra connected.
Proof. Let F' be a minimum 3-extra cut of CQ,. By
Theorem 3.1, | F|=4n—-9. We can decompose CQO,
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along dimension n—1 into CQ’ and CQ!. Then both
CQB and CQ; are isomorphic to CQ, . Let
F,=FnV(CQ") and F,=F nV(CQ!) with | F, |<| F; |.
4n-9

Then |F |2{ —‘ =2n—-4. We consider the

following cases.
Case 1. 2n—4<| F |<£3n-9.

In this case, |F,|<4n-9-(2n-4)=2n-5. By
Lemma 3.2, CQ)-F, is connected or has two
components, one of which is an isolated vertex.

By Lemma 3.3, CQ!-F satisfies one of the
following conditions:

(1) CQ! — F, is connected;

(2) CQ! — F, has two components, one of which is a
K,;

(3) CQ! — F, has two components, one of which is
an isolated vertex;

(4) CQ! —F has three components, two of which
are isolated vertices.

Let B, be the maximum component of CQ! — F, for
ie{0,1} (if CQ’ —F, is connected, then B =CQ, - F).
Since 2" —(4n—9)—3>1 (n>7), by Proposition 2.1,
CO,[V(B,)wV(B,)] is connected. Thus, F is not a 3-
extra cut of CQ, . This is a contradiction to that F is a
minimum 3-extra cut of CQ, .

Case 2. 3n—8<|F |<4n-14.

In this |Fy|=4n-9-(3n-8)=n-1. By

Lemma 3.2, CQ'-F, is connected or has two

case,

components, one of which is an isolated vertex. Note
that 3(n—1)-5=3n-8<F |<4n—-14=4(n—-1)-10.
By Lemma 3.6, CQ! — F, satisfies one of the following
conditions:

(D) CQ; — F| is connected,

2) CQ; — F| has two components, one of which is a
K,;

(3) CQ! — F, has two components, one of which is a
2-path;

(4) CQ! — F, has two components, one of which is
an isolated vertex;

(5 CQ}1 — [} has three components, two of which
are isolated vertices;

(6) CQ! —F, has four components, three of which
are isolated vertices;

(7) CQ; — F, has three components, one of which is
an isolated vertex and the otherisa K, .
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If CQ" - F, is connected, by Proposition 2.1, then
F is not a 3-extra cut of CQ, . We suppose that
CQ) - F, is disconnected. Let u be the isolated vertex
and B, be the other component in CQ’—F,. If
CQ! — F, satisfies the condition (3), then let P be the
2-path and B, be the other component in CQ' —F, .
Since 2" —(4n—-9)—4>1 (n>7), by Proposition 2.1,
CO,lV(B,)wV(B,)] is connected. If u is connected
to P, then CQ,—F has two components, one of
which is CQ,[V(B,)VWV(B,)] and the other is
CO,[{utuV(P)] with |{ufUV(P)|=1+3=4. If
CQ! — F, satisfies one of the conditions (1)-(7) except

(3), then F' is not a minimum 3-extra cut of CQ,, a

contradiction.
Case 3. |F, |=4n—13.

In this case, | Fy |=4n—-9—(4n—-13)=4. By Lemma
3.1, CQ° — F, is connected. Note that | F| |=4n—13=
4(n-1)-9. By Lemma 3.8, CQ' — F, satisfies one of
the following conditions:

M CQi — [} is connected,;

2) CQ,I, — I} has two components, one of which is a
K,;

(3) CQ! — F, has two components, one of which is a
K53

4) CQ,l, — F, has two components, one of which is a
2-path;

(5) CQ! — F has two components, one of which is a
3-path;

(6) CQ}? — I} has two components, one of which is
an isolated vertex;

(7) CQ! —F, has three components, two of which
are isolated vertices;

(8) CQ! —F, has four components, three of which
are isolated vertices;

) CQi — F, has three components, one of which is
an isolated vertex and the otheris a K, ;

(10) CQ! — F, has three components, one of which
is an isolated vertex and the other is a 2-path.

Suppose that CQ) —F, satisfies the condition (3),
then CQ! — F, has two components, one of which is a
Ki;. Note that [V(K;)[=4. If Ny (V(K3)N

V(CQY)=F,,then CQ, —F has two components, one
of which is a K, ;. Similarly, if CQ! - F, satisfies the

condition (5), then CQ, — F has two components, one

of which is a subgraph A of CQ, with |V(H)[|=4.If

CQ! — F, satisfies one of the conditions (1)-(10) except

(3) and (5), then F is not a minimum 3-extra cut of
CQ,, a contradiction.

Case 4. 4n—12<| F [<4n-9.

In this case, | Fj, [<4n—-9—(4n—12)=3. By Lemma
3.1, CQ,? — F, is connected. Suppose that CQ; —F is
connected. Since 2" —(4n-9)>1 (n=7), by
CQ,V (CQ, ~ F) WV (CO, ~R)]
=CQ,—-F is connected. Then we suppose that

Proposition 2.1,

CQ}? —F, is disconnected. Let the components of
CQ'~F be C,, Cy, ..., C, (k>2). Note that
| F, |<3. If every component C; of CQ! —F, such that
|V(C,)[> 4 for ie{l,...,k}, then CQ,[V(CQ’ —F,)u
V(c)uv---uV(C,)]=C0Q,~-F is connected. Suppose
that there is a components C; such that |V(C,)|<3 for
ief{l,...k}. If Nop, (V(C))NV(CO) S Fy, then C,
is a component of CQ, —F with |V(C;)|<3. Thus, F
is not a 3-extra cut of CQ,. This is a contradiction to

that /' is a minimum 3-extra cut of CQ, .

4 The 3-extra Diagnosaility of Crossed
Cubes Under the PMC and MM Model

Theorem 4.1. ([8, 20-21]) A system G=(V,E) is g -
extra ¢ -diagnosable under the PMC model if and only
if there is an edge uve E with ueV \ (F{ U F,) and

ve FaF, for each distinct pair of g -extra faulty
subsets F, and F, of V(CQ,) with |F[<f and
| F, |<t (see Figure 2).

K F K F

1 2
GO D
u u
Figure 2. u diagnosis v under the PMC model

Theorem 4.2. (|8, 20-21]) A system G=(V,E) is g -
extra 7-diagnosable under the MM "~ model if and only
if each distinct pair of g -extra faulty subsets F| and
F, of V with | F||<t and | F, |<t satisfies one of the
following conditions (see Figure 3):



Figure 3. w diagnosis u and v under the MM~ model

(1) There exist two vertices u,weV(G) \ (F; U F,)
and there exists such that
uw,ywe E(G) .

(2) There exist two vertices u,v e F; \_F, and there
exists a vertex weV(G)\ (F] UF,) such that uw,
we E(G).

(3) There exist two vertices u,v e F, \ F] and there
exists a vertex weV(G)\ (F] UF,) such that uw,
we E(G).

Lemma 4.1. Let n>4 . Then the 3-extra diagnosability
of the crossed cube CQ, under the PMC and MM*
model is less
4,(CO,)<4n—6.
Proof. Let 4 be defined in Lemma 3.4, F{ = N, (4)
and F,=AUF,. By Lemma 34, |F|=4n-9 ,
|F,|=4n—-5 and CQ,—-F, is connected. Thus,
CQ, — F| has two components CQ, — F, and CQ,[A4].
Note that | A|=4 and [V(CQ, - F,)|=2" —(4n—-5)=>4
for n>4 . By the definition of 3-extra connectivity, F
is a 3-extra cut of CQ,. Thus, F| and F, are both 3-
extra faulty sets of CQ, with |F |=4n—-9 and
|F,|=4n—5. Since A=FaF, and Ny, (A)=F cF,,
there is no edge of CQ, between V(CQ,) \ (f; UFE,)
and F{aF,. By Theorems 4.1 and 4.2, CQ, is not 3-
extra (4n—5) -diagnosable under PMC and MM*
model, respectively. By the definition of 3-extra
diagnosability, we can deduce that the 3-extra
diagnosability of CQ, is less than or equal to 4n—6,
ie., ,(CO,)<4n—6.

Lemma 4.2. Let n>5. Then the 3-extra diagnosability
of the crossed cube CQ, under the PMC model is
more than or equal to 4n—6, i.e., g(CQn) >4n—6.
Proof. By the definition of the 3-extra diagnosability,
it is sufficient to show that CQ, is 3-extra (4n—6) -

diagnosable. By Theorem 4.1, we need to prove that
there is an edge uve E with ueV(CQ,)\ (F;;UF,)

and v e F|aF, for each distinct pair of 3-extra faulty
subsets F; and F, of V(CQ,) with |F [<4n—6 and

a vertex vel|aF,

than or equal to 4n—6, ie.,
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|E, [<4n—-6.
Suppose, on the contrary, that there are two distinct
3-extra faulty subsets F| and F, of V(CQ,) with

| F{|<4n—6 and |F, |<4n—-6, but there is no edge
between V' (CQ,) \ (f; UF,) and F aF,. Without loss
of generality, assume that F, \ F, #J.

Claim 1. V(CQ,)# F, UF,.

On the contrary, we suppose that V(CQ,)=F UF,.
We get 2"<V(CO)IHFVEHF [+ F|-FHn
F ISl F |+| F, |£2(4n—6)=8n—12, a contradiction to
n>5 . Therefore, V(CQ,)#F, UF, . The proof of

Claim 1 is complete.
Since there is no edge between V' (CQ,) \ (F; U F,)

and FaF,, CO,—F has two parts CO, \ (F;UF,)
and CQ,[F, \ F{]. Note that F is a 3-extra faulty set.
Thus, every component B, of CQ, \ (F; UF,) such
that |V(B;)[24 and every component C; of
CO,[F, \ F] such that |V(C))|z4. If FF\ F, =9,
then F;,F,=F . Thus, F;NF, is also a 3-extra
faulty set. If F; \ F, #J, similarly, every component
D, of CQO,[F;\ F,] such that |V(D,)>24 . Thus,
F, N F, is also a 3-extra faulty set. Since there is no
edge between V(CQO,)\ (ffUF,) and FaF, ,
F,NF, is a 3-extra cut of CQ,. By Theorem 3.1,
|RAF[4n-9. Thus, |FHF\F|+FAFR]
>4+4n—-9=4n-5. This is a contradiction to that
| F, |<4n—6 . Therefore, CQO, is 3-extra (4n-6) -
diagnosable, i.e., g(CQn) >4n-6.

Combining Lemmas 4.1 and 4.2, we have the

following theorem.
Theorem 4.3. Let n>5. Then the 3-extra

diagnosability of the crossed cube CQ, under the PMC
model is 4n—6 ,i.e., ,(CO,)=4n—6.

A component of a graph G is odd according as it
has an odd number of vertices. We denote by o(G) the

number of odd components of G .
Lemma 4.3. ([16]) A graph G=(V,E) has a perfect

matching if and only if o(G—S)<| S| forall Sc/V.
Lemma 4.4. Let n>7 . Then the 3-extra diagnosability
of the crossed cube CQ, under the MM* model is
more than or equal to 4n—-6, i.e., i;(CQn) >24n-6.

Proof. By the definition of 3-extra diagnosability, it is
sufficient to show that CQ, is 3-extra (4n—06) -

diagnosable. On the contrary, there are two distinct 3-
extra faulty subsets F and F, of CQ, with

| F{|<4n—6 and | F, [<4n—6, but the vertex set pair
(F,F,) is not satisfied with any one condition in
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Theorem 4.2. Without loss of generality, assume that
F\F#Q.

By Claim 1 in Lemma 4.2, we get V(CQ,) # F, UF, .

Claim 1. CQ, —(F; U F,) has no isolated vertex.

On the contrary, we suppose that CQO, —(F U F,)
has at least one isolated vertex w. Since F] is one 3-
extra faulty set, there is a vertex u € F, \_F; such that

u is adjacent to w . Note that the vertex set pair
(F,F,) is not satisfied with any one condition in

Theorem 4.2. By the condition (3) of Theorem 4.2.,
there is at most one vertex u € F, \ F| such that u is

adjacent to w. Thus, there is just a vertex u € F, \_F
such that u is adjacent to w. If F;,\ F, =4, then
F, cF, . Since F, is a 3-extra faulty set, every
component G, of CQ, —F, has |V(G,;)[=4 . Note that
CQ, ~F,=CO, ~(F,UF,) . So CQ,~(F UF,) has
no isolated vertex. It is contradict with the hypothesis.
Thus, F{ \ F, #< . Similarly, we can deduce that

there is just a vertex veF N\ F, such that v is
adjacent to w. Let W < V(CQ,) \ (] UF,) be the set
of isolated vertices in CQ, [V (CQO,)\ (F; UF,)], and

let H be the induced subgraph by the vertex set
V(CO,)\ (f{ UE, UW). Then for any vertex we W,

we can get that w has (n—2) neighbors in /;NF,.
By Lemma 4.3 and Proposition 2.1, |W|<o
(CO, —(FVR)) S FVUE HE [+ F|-|FNF]
<2(4n—-6)—(n—-2)=7n-10. We
V(H)=@. Then 2" =[V(CO)HF VE [+[WIHE |+
|F, || [y F, |+ |W|£2(4n—6)—(n—-2)+(7Tn—-10)
=14n-20, a contradiction to that »n>7. Therefore,
VIH)#OD .

Since the vertex set pair (F,F,) is not satistied with

assume that

the condition (1) of Theorem 4.2 and any vertex of
V(H) is not isolated in H , we induce that there is no

edge between V(H) and FaF,. If FNF, =, then
FaF,=F UF,. Since there is no edge between
V(H) and F|aF,, CQ, is disconnected, a contradiction
to that CQ, is connected. Thus, F; " F, # . Note
that CQ, —(F{NF,) has two parts: H and
CO,I(F \ F)U(F, \ F)UW]. Thus, F,NF, is a
vertex cut of CQ,. Since F, is a 3-extra faulty set of
CQ,, we have that every component H, of H has
of COQO,
[(F,\ F)UW] has |V(B’)[>4 . Similarly, every
component B of CQ,[(F, \ F,)UW] has |V(B)[>4.
By the definition of 3-extra cut, /; " F, is a 3-extra
cut of CQ,. By Theorem 3.1, | N F,| 24n-9.

|V(H,)[>4 and every component B’

Note that any vertex weW has two neighbors u
and v such that ueV(F \ F,) and veV(F, \ F) .

If there is not a vertex w such that we V(B}), then

B} is a component of F,\ F. We get that

| F, \ F, [2|V(B?)|> 4 . If there is a vertex w such that
weV(B?), then B> —w is a component of F, \_F,.
We get that |F,\ F [2|V(B})\ {u}|>3. Thus,
| F, \\F |23. Similarly, | F; \ F, |23. Since | NE,|=
|Ey | =| F, \F [£(4n—6)—-3=4n-9, we have | [, NF, |
=4n-9 . Then we get that |F,\ F/|=3 and
| F, |=4n—6 . Similarly, we have |F \ F,|=3 and
| F{ |=4n—6. By Theorem 3.3, the crossed cube CQ,
is tightly (4n-9)
CQ, —(F, " F,) has two components, one of which is
a subgraph of order 4. Thus, CQ, —(F; N F,) has two
components, one of which is CO[(F \J5)\ N \F) W]
and the other one is H with |V(H)|=4 and
[(FF\NE)U(E,\F)UW [23+3+1=7. Note that
|W|<7n-10.
2"=HV(CONHF N A [+ BN A+ FNF |+

W |+|V(H)I£3+3+(@n-9)+(Tn—-10)+4=11n-9 ,
a contradiction to n>6. The proof of Claim 1 is

complete.
Let u eV (CQO,)\ (f; UF,). By Claim I in Lemma

4.4, u has at least one neighbor in CQ, —(F,UF,).
Since (F,F,) is not satisfied with any one condition in

super 3-extra connected, i.e.,

Theorem 4.2, u has no neighbor in FjaF,. By the
arbitrariness of u , there is no edge between
V(CQO,)\(f{ UF,) and FaF,. Since F, and F, are
two 3-extra faulty set, every component H,; of
CO,—-(FyVF,) has |V(H,)[=4, every component B,
of CO,([F,\F]) has |V(B)z4, and every
component C, of CQ ([F,\ F,]) has |V(C))|=4
when F\ F,#0 . Thus, F{NF, is also a 3-extra

faulty set. Since there is no edge between
V(CO,\ (Ff UF,)) and FaF,, we have F{NF, is a

3-extra cut of CQ, . By Theorem 3.1, we have
| F{NF,[24n—-9. Since B, is a component of
CO,([F,\F]D with [|V(B)|=4. we have
|F,\F, 2{V(B)[24. Therefore, |F,|=lF,\ F |+

|FFNF,[24+(4n-9)=4n-5, which contradicts
| F; |<4n—6. Thus, CQ, is 3-extra (4n — 6) -diagnosable,
ie., i;(CQn) >4n—6. The proof is complete.

Combining Lemmas 4.1 and 4.4, we can get the
following theorem.



Theorem 4.4. Let n>7. Then the 3-extra
diagnosability of the crossed cube CQ, under the

MM* model is 4n—6, i.e., 1,(CO,)=4n—6.

4 Conclusion

We prove that the 3-extra connectivity of CQ, is
4n—-9 for n>5. Moreover, CQ, is tightly (4n-9)
super 3-extra connected for »>7 . Then we determine
that the 3-extra diagnosability of CQ, is 4n—6 under
the PMC model (z>5) and MM* model (#>7). On

the basis of this study, the researchers can continue to
study the g -extra connectivity and diagnosability of

networks [22].
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