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Abstract 

This paper aims to reduce the complexity of angle 

estimation in massive multiple-input and multiple-output 

(MIMO) systems. For this purpose, the hybrid domain 

coding was adopted to reduce the dimension of the 

received signal, and thus the computing load to find the 

inverse matrix. To improve the vector estimation 

accuracy of sub-array signal space, a new estimation 

method of signal parameters via rotational invariant 

techniques (ESPRIT) was proposed based on hybrid 

domain coding and the least squares (LS) method. The 

direction of arrival equation is also derived. Finally, the 

root-mean-square error (RMSE) and runtime of the 

proposed method were compared with those of some 

other methods through simulation. The results verify the 

effectiveness and reliability of the algorithm. The 

research findings lay the basis for accurate channel 

estimation of massive MIMO systems. 

Keywords: Multiple-input and multiple-output (MIMO), 

ESPRIT, Root-mean-square error (RMSE) 

1 Introduction 

The 5th-generation wireless systems (5G) outperform 

4G in transmission rate and spectrum efficiency. The 

key to implementing 5G lies in the massive multiple-

input and multiple-output (MIMO) system. Since its 

birth, the massive MIMO has attracted much attention 

from scholars at home and abroad. By this technology, 

more antennas are provided at the base station and the 

client to enhance the system performance [1-3]. For 

massive MIMO, the accuracy of channel estimation 

directly hinges on the direction of arrival (DOA) in the 

angle domain. Therefore, the DOA has become a 

hotspot in the research of massive MIMO channel 

estimation [4-5]. The DOA involves two dimensions, 

namely, the angle of departure (AOD) and the angle of 

arrival (AOA).  

As a fundamental issue in array processing, angle 

estimation has been acknowledged as an important task 

in radar, sonar and communications. Many algorithms 

rely on array antennas to estimate the angle, including 

maximum likelihood estimation, entropy spectrum 

estimation and eigen-decomposition. Among them, the 

multiple signal classification (MUSIC) algorithm is a 

typical subspace algorithm based on eigen-

decomposition [6-7]. The core idea is to estimate the 

angle through space division based on the 

orthogonality of the signal subspace and the noise 

subspace. Since the parameters are estimated by 

searching for spectral peaks, the MUSIC algorithm 

may incur a heavy computing load to fulfill a high 

operating accuracy. To solve the problem, the root-

MUSIC algorithm has been developed [8]. Another 

popular algorithm is the estimation of signal 

parameters via rotational invariant techniques (ESPRIT) 

[9]. Based on subspace rotation invariant technology, 

the ESPRIT features a low computing load because it 

does not need to search for spatial spectrum. The 

advantage of the ESPRIT algorithm is that it can 

decrease the computation time and improve the 

feasibility. However, the disadvantage of ESPRIT 

algorithm is that it can’t process the coherent sources. 

On this basis, the 2D ESPRIT algorithm has been 

created to realize 2D angle estimation [10-11]. This 

algorithm is adopted for our research to improve the 

angle estimation performance. Compared to MUSIC 

algorithm, the ESPRIT has an advantage in estimating 

the practical AoA and AoD with continuous than 

discrete values. 

Angle estimation plays an important role in channel 

estimation in the angle domain. In a massive MIMO 

system, the transmitting end transmits the pilot beams, 

while the receiving end processes the best-performing 

beam among all the received beams. When there are 

many antennas at the transmitting end, the training load 

of the system increases linearly with the growth in the 

number of antennas. Therefore, the received beams 

must be compressed by signal processing in the 

massive system. A viable option for the compression is 

the hybrid domain coding strategy. By this method, a 

hybrid analog-to-digital converter is installed at the 

transmitting and receiving ends, offering a comprehensive 
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plan for beam quantity, system power and 

implementation complexity. Much research has been 

done on the analog-digital hybrid structure at both ends. 

For instance, Reference [12] designs a low-complexity 

encoder through hybrid domain coding at the 

transmitting end. Reference [13] proposes a plan for 

arranging more transmitting antennas, aiming to 

compensate for the declining sum rate of hybrid 

domain coding with the growth in the dimension of all-

digital beamforming. Reference [14] presents a 

recursive hybrid domain beam performance algorithm 

under single-user millimeter wave conditions, which 

can achieve faster rate without limiting the digital 

beamforming method. In this paper, hybrid domain 

coding is applied to both transmitting and receiving 

ends, and the least squares (LS) method was combined 

with 2D ESPRIT for hybrid domain coding into a LS 

hybrid domain ESPRIT (HYLS-ESPRIT). Then, the 

HYLS-ESPRIT was applied to estimate the AOD and 

AOA of the massive MIMO system. The results show 

that the proposed method can improve the accuracy of 

angle estimation without reducing the computing load 

of the system. The research findings lay a solid basis 

for accurate channel estimation. 

The remainder of this paper is organized as follows: 

Section 2 introduces the system model of hybrid 

domain massive MIMO; Section 3 reviews the ESPRIT 

based on hybrid domain coding, puts forward the 

HYLS-ESPRIT, and applies the proposed method to 

estimate the AOD and the AOA; Section 4 compares 

the estimation results of the proposed method and 

those of traditional methods through simulation; 

Section 5 wraps up this paper with some meaningful 

conclusions.  

Notations: The italic bold face lower and upper 

symbols describe the column vectors and matrices 

respectively. 1( ) ,−

⋅ ( )H⋅ , 
2

⋅  denote the inversion, 

conjugate transpose and 
2
l  norm. 

2 Hybrid Domain Massive MIMO System 

Model 

We consider a typical massive MIMO system 

transmission model with hybrid coding, as shown in 

Figure 1. 

As shown in Figure 1, 
t

N  and 
r

N  are the number 

of antennas at the transmitting ends and receiving ends, 

respectively, RF

t
N  and RF

r
N  are the number of radio 

frequency (RF) chains at the transmitting and receiving 

ends, respectively. Note that RF

t t
N N≤  and RF

r r
N N≤ . 

The RF chain beamforming was simulated by an 

analog phase shifter. To reduce the system power 

consumption, the multiple transmitting antennas of the 

massive MIMO system were replaced by a few RF 

chains. As shown in Figure 1, the transmitting end 

model can be described as: 

 

(a) Transmitting End 

 

(b) Receiving End 

Figure 1. Hybrid domain massive MIMO model 

 = +X Fs N , (1) 

where 
2

RF

t t
N N×

∈F �  is the hybrid domain coding matrix 

of the transmitting end; s  is the transmitted signal; N  
is the Gaussian white noise signal. =

RF BB
F F F  with 

RF
F  

and 
BB

F  being the analog phase conversion matrix and 

baseband digital conversion matrix at the transmitting 

end, respectively. The hybrid domain coding 

architecture at the receiving end is similar to that at the 

transmitting end. Thus, the receiving end model can be 

described as: 

 

H H

ss

H

Y = W HFR + W N

   = PW HF + N

, (2) 

where 2
RF

r r
N N×

∈W �  is the hybrid domain coding 

matrix of the receiving end. N  is also the Gaussian 

white noise signal. =

RF BB
W W W  with 

RF
W  and 

RF
W  

being the analog phase conversion matrix and 

baseband digital conversion matrix at the receiving end, 

respectively. From the above equation, it can be seen 

that the dimension of the received signal is smaller 

than that without using hybrid domain coding. Thus, 
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the use of hybrid domain coding can effectively reduce 

the amount of data to be processed. 

3 ESPRIT Algorithm Based on Hybrid 

Domain Coding 

3.1 ESPRIT Algorithm for AOD and AOA 

Estimation 

Suppose there is an array with 
t

N  pairs of 

transmitting elements, each of which has two elements 

with the same response features. Let Δ  be the phase 

shift between the two elements. It is assumed that some 

far-field narrow-band signals, which are independent 

of each other, are incident on the array in the form of 

plane waves, the signal sources have the same center 

frequency 
0
f , and thearrival of signals is a zero-

meanrandom process. 

Divide the array 
x

Z  at the transmitting end into sub-

arrays 
1x

Z  and 
2x

Z : 

 

1 2

1 1 1 1

1 2

2 2 2 2

, , ,

=

, , ,

t

t

N

x

x N

x

x x x

x x x

⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦ ⎣ ⎦

Z
Z

Z

�

�

, (3) 

Then,

  
1
( )

i
x t

  

and 
2
( )

i
x t  are the output signals of the 

two sub-arrays for the i-th element pair, which can be 

expressed as: 

 
1 1

1

( ) ( ) ( ) ( )
P

i p i p x

p

x t s t a n t

=

= +∑ θ , (4.a) 

 
0

2 sin

2 2

1

( ) ( ) ( ) ( )
p

j fP

C
i p i p x

p

x t s t e a n t

π Δ

=

= +∑
θ

θ , (4.b) 

where ( )
p
s t  is the p-th signal transmitted by the 

reference array element; 
p

θ  is the AOD of the wave 

from the p-th target source; ( )
i p
a θ  is the response of 

the i-th element pair to the p-th signal source; C is the 

speed of light; 
1
( )

x
n t  and 

2
( )

x
n t  are the additive 

Gaussian white noises on the i-th element pair. Thus, 

the vector expressions of the above equations are as 

follows: 

 
1 1
( ) ( ) ( )

x
t t t= +x As n , (5.a) 

 
2 2
( ) ( ) ( )

x
t t t= +x AΦs n , (5.b) 

where t
N P×

∈A �  and: 

 

1 1 1 2 1

2 1 2 2 2

1 2

( ) ( ) ( )

( ) ( ) ( )
=

( ) ( ) ( )
t t t

P

P

N N N P

a a a

a a a

a a a

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

θ θ θ

θ θ θ
A

θ θ θ

�

�

� � � �

�

, (6) 

where the rotation factor P P×
∈Φ � . where the 

transmitted signal is: 

 
1 2

( )=[ (t), (t), , (t)]T
P

t s s ss � , (7) 

Owing to the shift-invariance of the sub-arrays, the 

signals of the sub-arrays are also shift-invariant. Hence, 

the signal of sub-array 
2x

Z  equals the product between 

that of sub-array 
1x

Z  and the rotation factor Φ , and: 

 

0 1

0 2

0

2 sin

2 sin

2 sin

0 0

0 0=

0 0

P

j f

C

j f

C

j f

C

e

e

e

π

π

π

Δ

Δ

Δ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

θ

θ

θ

Φ

�

�

� � � �

�

, (8) 

From the above equation, we can see that the 

diagonal elements of the matrix Φ  contain the 

direction of the AOD Φ . Equation (8) and Equation (5) 

can be combined as: 

 
1

2

( )
= ( ) ( )

( )
x

t

t t

t

⎡ ⎤
= +⎢ ⎥

⎣ ⎦

x
x As n

x
, (9) 

where The matrix form of Equation (9) can be 

expressed as: 

 
x

= +X AS N , (10) 

Divide the array at the receiving end into sub-arrays 

1y
Z  and 

1y
Z : 

 

1 2
1 1 1 1

1 2
y2 2 2 2

, , ,

=

, , ,

t

t

N
y

y N

y y y

y y y

⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

Z

Z
Z

�

�

, (11) 

According to the model of the transmitting end, the 

data matrix of the array at the receiving end can be 

expressed as: 

 
y

= +Y BS N , (12) 

where 

 

1 1 1 2 1

2 1 2 2 2

1 2

( ) ( ) ( )

( ) ( ) ( )
=

( ) ( ) ( )
r r r

P

P

N N N P

b b b

b b b

b b b

ϕ ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

B

�

�

� � � �

�

, (13) 

 

0 1

0 2

0

2 sin

2 sin

2 sin

0 0

0 0=

0 0

P

j f

C

j f

C

j f

C

e

e

e

π ϕ

π ϕ

π ϕ

Δ

Δ

Δ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Ω

�

�

� � � �

�

, (14) 
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where 
p

ϕ  is the AOA of the wave from the p-th target 

source; 
 

=

⎡ ⎤
⎢ ⎥
⎣ ⎦

B
B

BΩ
. Combining the matrix of the arrays 

at the transmitting and receiving ends, we have the 

cross-correlation matrix of the signal matrices X and Y: 

 

2H H

XY ss
E P σ⎡ ⎤= = +⎣ ⎦R XY AR B I

, (15) 

Where 
ss

R  is the correlation matrix of S . 

3.2 Angle Estimation Based on HYLS-

ESPRIT 

In this section, we propose a 2D HYLS-ESPRIT 

bseed super-resolution channel estimation scheme for 

missive MIMO system with hybrid domain coding. 

According to the model of hybrid domain massive 

MIMO system, the function of Equation (15) is similar 

to that of H in Equation (2).  

Substituting Equation (15) into Equation (2), the 

received data Y  can be shown: 

 
[ ]

 

    =    

H H

ss y

H

ss y

P

P

= +

⎡ ⎤
+⎢ ⎥

⎣ ⎦

Y W AR B F N

A
W R B BΩ F N

AΦ

, (16)
 

where 
y

N  denotes the noise matrix. 

The AOD θ  can be solved in the following steps: 

Perform eigen-decomposition of Y: 

 
2

2

1

( )
t

t t t

t

N

n n n H H H

x x x sx sx sx nx nx

n

λ σ

=

= = +∑Y e e E Λ E E E , (17)
 

where eigenvalue 
sx

E  is the signal subspace formed by 

eigenvectors 1 2
,

P

x x x
⎡ ⎤⎣ ⎦e e e� ;

nx
E is the noise subspace 

formed by eigenvectors 
21 2

,
t

NP P

x x x

+ +⎡ ⎤⎣ ⎦e e e�  which is 

orthogonal to the signal subspaces. Hence, there is a 

full rank matrix 
x

T  such that: 

 
1

2

H

x sxH

sx x H

sxx

⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎣ ⎦⎣ ⎦

W AT E
E W AT

EW AΦT

, (18)

 
From the above equation, we have: 

 1

2 1sx sx x x

−

=E E T ΦT , (19)

 Under the LS criterion, 
1sx

E  and 
2sx

E  expand to the 

same subspace. Thus, there is a full rank matrix 
x

Q , 

that is: 

 
1

2

x

x

x

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

Q
Q

Q
 is orthogonal to [ ]1 2

  

sx sx
E E .  

Thus, we have: 

 
sx

= 0E Q , (20)

 

The above equation can be expanded as: 

 

[ ] 1

1 2

2

1 1 2 2

1 2

  

 = 0

x

sx sx

x

sx x sx x

H H

x x x

⎡ ⎤
⎢ ⎥
⎣ ⎦

= +

= +

Q
E E

Q

E Q E Q

W AT Q W AΦTQ

, (21)

 

The above equation can be simplified as:

 
 1

1 2

H H

x x x x

−

− =W ATQ Q W AΦT , (22)

 Thus:

 
 1

1 1 2 2sx x x sx

−

− =E Q Q E , (23)

 Suppose: 

 1

1 2x x x

−

= −Q Q Q , (24)

 The above two equations can be combined as:

 
 

1 2sx x sx
=E Q E  (25)

 Thus: 

 1

1 2x sx sx

−

=Q E E , (26) 

 H H

x
=W ATQ W AΦT , (27) 

 1

x x x

−

=Φ TQ T , (28) 

Therefore, Φ  and 
x

Q  have the same eigenvalue, 

which is the diagonal element of Φ . The eigenvalue 

( 1,2, , )p

x
p Pλ = �  can be solved according to 

x
Q  

Thus, the AOD can be estimated as: 

 
0

( )ˆ arcsin
2

p

x

p

C angle

f

λ
θ

π

⎛ ⎞⋅
= ⎜ ⎟

Δ⎝ ⎠
, (29) 

The AOA ϕ  can be solved in the following steps: 

Perform eigen-decomposition of H
Y , the transpose 

transposition matrix of Y: 

 
[ ]

 

    =    

H H H

ss y

H

ss y

P

P

= +

⎡ ⎤
+⎢ ⎥

⎣ ⎦

Y W AR B F N

B
F R A AΦ W N

BΩ

, (30) 

Perform eigen-decomposition: 

 
2

2

1

( )
r

r r r

r

N
n n nH H H H

y y y sy sy sy ny ny

n

λ σ

=

= = +∑Y e e E Λ E E E , (31) 

Similar to the estimation of the AOD, we define the 

following parameters: 

sy
E  is the signal subspace formed by eigenvectors 

1 2
,

P

y y y
⎡ ⎤⎣ ⎦e e e� ; 

ny
E  is the noise subspace formed by 

eigenvectors 
21 2

,
t

NP P

y y y

+ +⎡ ⎤⎣ ⎦e e e�  which is orthogonal to 



Two-Dimensional Angle Estimation for Massive Multiple-Input and Multiple-Output System Based on Hybrid Domain Coding 1539 

 

the signal subspaces. Through the analysis on the AOA, 

we have a matrix 
y

Q  similar to Ω : 

 1

1 2y sy sy

−

=Q E E , (32) 

 
1

2

H

y syH

sy y H
syy

⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

F BT E

E F BT
EF BΩT

, (33) 

where 
y

T is also a full rank matrix. 

The eigenvalue ( 1,2, , )p

y
p Pλ = �  can be solved 

according to 
y

Q . 

Thus, the AOAcan be estimated as: 

 
0

( )
arcsin

2

p

y

p

C angle

f

λ
ϕ

π

⎛ ⎞⋅
= ⎜ ⎟⎜ ⎟Δ⎝ ⎠

, (34) 

4 Simulation 

Suppose there are three signal sources, whose (AOD, 

AOA) are (40°, 45°), (50°, 55°) and (60°, 65°) 

respectively. The arrays are L-shaped, linear and 

uniformly distributed. In each array, the elements are 

arranged at an interval of half-wavelength. The other 

parameters are listed in Table 1.  

Table 1. Parameter settings 

Name Value 

Number of transmitting arrays 
t

N  16 

Number of receiving arrays 
r

N  16 

Hybrid domain transmitting RF chains RF

t
N  8 

Hybrid domain receiving RF chains RF

r
N  8 

Number of target sources 3 

Number of snapshots 100 

Signal-to-noise ratio (dB) 0~30 

Number of Monte-Carlo simulations 200 

Transmitting frequency (Hz) 4G 

 

As the judgement criteria for accuracy, the root-

mean-square error (RMSE) can be defined as [15]. 

 
2

0

1

1
Num

m

m

RMSE
Num

γ γ

=

= −∑  (35) 

where Num is the number of simulations; 
m

γ  is the 

estimated value 
0

γ  at the m-thsimulation angle; γ  is 

the AOD or AOA.  

Figure 2 simulates the estimated AOD and AOA of 

the proposed HYLS-ESPRIT algorithm in the massive 

MIMO system at the signal-to-noise ratio (SNR) of 

20dB. A total of 200 Monte-Carlo simulations were 

carried out. From Figure.2, we can see that the AOA 

and AOD can be estimated correctly and the feasibility 

of the HYLS-ESPRIT algorithm is also valid. 

 

Figure 2. 2D angle estimation results of hybrid domain 

coding at SNR=20dB 

Figures 3 and 4 respectively present the RMSEs of 

the AOD and AOA estimated by the proposed HYLS-

ESPRIT algorithm under different number of signal 

sources. Comparing the two figures, it is clear that the 

angle estimation error increased with the number of 

target sources. 

 

Figure 3. AOD estimated by hybrid domain coding at 

different number of target sources 

 

Figure 4. AOA estimated by hybrid domain coding at 

different number of target sources 
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It can be observed frm Figure 3 and Figure 4 that the 

number of the sources plays an important part in the 

estimation performance. The more the number of the 

source, the worse the RMSE.  

To verify the effectiveness of the proposed algorithm, 

the proposed HYLS-ESPRIT algorithm was contrasted 

with the traditional ESPRIT algorithm and the MUSIC 

algorithm. Figures 5 and Figure 6 compare the RMSE 

of these different algorithms. 

 

Figure 5. AOD RMSE of different algorithms 

 

Figure 6. AOA RMSE of different algorithms 

The results in Figures 5 and 6 show that the 

estimated AOD and AOA of the HYLS-ESPRIT were 

superior than those of the traditional ESPRIT algorithm 

and MUSIC algorithm. The RMSE performance of 

HYLS-ESPRIT has an advantage about 3.5db than 

ESPRIT algorithm, 6db than MUSIC algorithm. From 

the results, we can also see that the MUSIC algorithm 

had the worst estimation of the two angles.  

Figure 7 describes the computational time of all 

methods including HYLS-ESPRIT, ESPRIT and 

MUSIC method. From Figure 7, we can see that the 

HYLS-ESPRIT algorithm has much lower complexity 

than the other two methods for the reason that the 

hybrid domain coding decreases the dimension of the 

received information (the dimension of ESPRIT and 

MUSIC are both fixed to 32 32× , the dimension of 

HYLS-ESPRIT is fixed to

  

8 8× ) and improves the 

running time performance. As for the computing speed 

(Figure 7), the MUSIC was the least efficient algorithm, 

because it relies on the search for spectral peaks. By 

contrast, the HYLS-ESPRIT was much faster than the 

traditional ESPRIT, as the data dimension is 

effectively reduced by the hybrid domain coding. 

 

Figure 7. Runtime of different lgorithms 

5 Conclusions 

This paper applies the ESPRIT to the estimation of 

2D DOA of the massive MIMO system. To reduce 

system complexity, the hybrid domain coding was 

adopted simultaneously at both transmitting and 

receiving ends. Then, the ESPRIT algorithm for AOD 

and AOA estimation was introduced in details. On this 

basis, the HYLS-ESPRIT was proposed, together with 

its AOD and AOA equations. The RMSE and runtime 

of the proposed algorithm were contrasted with some 

other methods. Through simulation, it is learned that 

the HYLS-ESPRIT outperforms the traditional 

ESPRIT and MUSIC algorithms in accuracy and 

efficiency under the adoption of the hybrid domain 

coding. The research findings lay the basis for accurate 

channel estimation of massive MIMO systems. 

Further work in this area includes codebook-based 

method for hybrid channel information feedback in 

massive MIMO systems, fast channel tracking for 

beamspace massive MIMO systems and so on. 
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